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1 Introduction

This technical report is a formalization of a new calculus named FOb?<: that
extends the FOb.. calculus of Abadi and Cardelli [1] with support for gradual
typing. We introduced the notion of gradual typing in the context of functional
languages, developing the A, calculus [6]. The work in this technical report,
and in the companion paper, Gradual Typing for Objects, shows how to integrate
gradual typing into object-oriented languages. The companion papers gives the
motivation for this work, an introduction to gradual typing, and a detailed
discussion of related work. This technical report contains the formalization of
the type system and semantics using the Isabelle/HOL proof assistant [4], and
is meant to be a reference for readers of the companion paper.

2 Choosing Fresh Variables

In various places within the formal development we need to choose a “fresh”
variable. More specifically, we need to choose a variable that is not in some set,
such as the domain of the type environment. Variables are represented here as
natural numbers, and we constructively choose a fresh variable by taking the
successor of the maximum number in the set. Of course, we must assume that
the set in question is finite.

constdefs max :: nat = nat = nat
maz zy = (if x < y then y else z)
declare maz-def [simp]

To define the maximum number in a set, we take advantage of Isabelle’s
ability to fold over a finite set. To use fold with the above max function, we must
first prove a few properties of max, but the proofs go through automatically.

interpretation AC-maz: ACe [maz 0::nat]
by (auto intro: ACf.intro ACe-azioms.intro)

constdefs setmaz :: nat set = nat
setmaz S = fold max (A z.z) 05

We want to show that the successor of the maximum element of a set is not
in the set. Towards proving that we prove the following lemma.

lemma maz-ge: finite L =V x € L. z < setmaz L
apply (induct rule: finite-induct)
apply simp
apply clarify
apply (case-tac za = z)
proof —
fix z and F::nat set and za
assume fF: finite F and zF: z ¢ F and zax: za = z
from fF zF have mc: setmaz (insert ¢ F) = maz x (setmaz F)



apply (simp only: setmaz-def)
apply (rule AC-mazx.fold-insert)
apply auto done
with zazr show za < setmaz (insert z F)
apply clarify by simp
next
fix z and F::nat set and za
assume fF: finite F and zF: z ¢ F
and axF: VzeF. x < setmax F
and zsxF: za € insert ¢ F
and zax: ra # x
from zax zsxF have zaF: xa € F by auto
with azF have zasF: ra < setmax F by blast
from fF zF have mc: setmaz (insert © F) = maz x (setmaz F)
apply (simp only: setmaz-def)
apply (rule AC-maz.fold-insert)
apply auto done
with zasF show za < setmaz (insert x F) by auto
qged

lemma maz-is-fresh[simp):
assumes F': finite L shows Suc (setmaz L) ¢ L
proof
assume ssl: Suc (setmaz L) € L
with F maz-ge have Suc (setmaz L) < setmazx L by blast
thus False by simp
qed

lemma greaterthan-maz-is-fresh[simp):
assumes F': finite L and I: setmax L < i
shows i ¢ L

proof
assume ssl: ¢ € L
with I’ maz-ge have i < setmazx L by blast
with I show Fulse by simp

qed

3 Abstract Syntax

The signatures in an object type are represented in a list, and are assumed to
appear in the order of the method name. The methods in and object are also
represented by a sorted list.

datatype ty = IntT | FloatT | BoolT | ArrowT ty ty (infixr — 95)
| ObjT sig list | UnknownT (?)

and
sig = Sig nat ty



constdefs ground :: ty set
ground = { IntT, BoolT, FloatT }

datatype const = IntC int | FloatC int | BoolC bool | Succ | IsZero

The expr datatype is used for both the source language, FOb?<; and the

intermediate language FOb<<'>:. We use the locally nameless approach for repre-
senting variables [2, 3, 5]. In the locally nameless approach, bound variables are
represented with de Bruijn indices whereas free variables are represented with
symbols. This approach enjoys the benefits of the de Bruijn indices (a-equivalent
terms are syntactically identical) while avoiding much of the complication (nor-
mally caused by representing free variables with de Bruijn indices). Separate

functions are used to substitution for free and bound variables.

datatype expr = BVar nat | FVar nat | Const const

| Lam ty expr (X:-. - [58,53] 52) | App expr expr

| Cast expr ty ty (-(-=-) [58,53,53] 52)

| Obj method list ty | Invoke expr nat | Update expr method
and

method = Method nat expr

syntax just :: ‘a = ’a option
translations just 7 == Some T

3.1 Substitution for Free Variables

consts
fsubst :: nat = expr = expr = expr ([-—-|- [54,54,54] 53)
fsubstm :: nat = expr = method = method ([--—-]- [54,54,54] 53)

fsubsts :: nat = expr = method list = method list ([-:—-]- [54,54,54] 53)

primrec
fovar: [z—e](BVar i) = BVar i
fvar:[z—e](FVar z) = (if z = z then e else (FVar z))
[z—€](Const ¢) = Const c
flam: [z—e](Xio. €') = (Ao, [z—e]e)
[z—e|(App el e2) = App ([z—elel) ([z—e]e2)
z—e](Cast e’ s t) = Cast ([z—ele’) st
(Obj ms 7) = Obj (fsubsts z e ms) T
z—e](Invoke e’ 1) = Invoke ([z—e]e’) |
z—e](Update e’ m) = Update ([z—ele’) ([z:—e]m)

r

[2:—€](Method 1 ') = (Method | ([z—e]e’))

[z::—ell]l = []

[z::—e](m#ms) = ([z:—e]m)#([z::—€]ms)

3.2 Substitution for Bound Variables

consts
bsubst :: nat = expr = expr = expr ({-—-}- [54,54,54] 53)



bsubstm :: nat = expr = method = method ({-—-}- [54,54,54] 53)
bsubsts :: nat = expr = method list = method list ({-::—-}- [54,54,54] 53)
primrec
bbvar: {k—e}(BVar i) = (if k = i then e else (BVar i))
bfvar: {k—e}(FVar z) = FVar z
{k—e}(Const c¢) = Const c
blam: {k—e}(A\io. e') = (\io. {Suc k—e}e’)
{k—e}(App el e2) = App ({k—e}el) ({k—e}e2)
{z—e}(Cast e’ s t) = Cast ({z—e}e’) st
{k—e}(O0bj ms 7) = Obj (bsubsts k e ms) T
{k—e}(Invoke e’ 1) = Invoke ({k—e}e’) |
{k—e}(Update ¢’ m) = Update ({k—e}e’) ({k:—e}m)

{k:—e}(Method | €') = (Method | ({k—e}e’))

{k:—e}b [ =[]
{k::—e} (m#ms) = {k:—etm)#({k::—e}ms)

4 Consistency and Subtyping

constdefs
mname :: method = nat (name)
mname m = (case m of (Method | e¢) = 1)

constdefs
ms-name :: sig = nat (name)
ms-name m = (case m of (Sigl 1) = 1)
ms-ty :: sig = ty
ms-ty s = (case s of (Sigl T) = T)

consts lookup-sig :: sig list = nat = sig option
primrec
lookup-sig [] | = None
lookup-sig (m#ms) | = (if ms-name m = [ then Some m
else lookup-sig ms 1)

consts Dom :: method list = nat set
primrec
Dom | = {}
Dom (m#ms) = insert (mname m) (Dom ms)

consts DomT :: sig list = nat set
primrec
DomT [ = {}
DomT (m#ms) = insert (ms-name m) (DomT ms)

consts
consistent :: (ty X ty) set
consistent-sig :: (sig X sig) set



consistent-sigs :: (sig list X sig list) set
syntax
consistent :: ty = ty = bool (infix ~ 51)
consistent-sig :: sig = sig = bool (infix = 51)
consistent-sigs :: sig list = sig list = bool (infix ~ 51)
translations

71 ~ 72 == (71,72) € consistent
71 272 == (71,72) € consistent-sig
71 = 72 == (71,72) € consistent-sigs

inductive consistent consistent-sig consistent-sigs intros
CRefllintrol]: 7 ~ T
CFunlintro!]: [ o1 ~ T1; 02 ~ T2 | = (01 — 02) ~ (11 — T2)
CUnR[introl): T ~ 2
CUnLlintrol]: ¢ ~ 7
CObjT[introl]: ss ~ tt = ObjT ss ~ ObjT it

CSiglintrol]: [l =150 ~7] = Sigl o = Sigl' t

CNilT[intro!]: [| = ]
CConsTintrol]: [ s &2 t; ss = tt | = (s#ss) =~ (t#1t)

inductive-cases con-fun-inv[elim!]: s1 — s2 ~ t1 — 2

inductive-cases con-sig-inv[elim!]: s =
inductive-cases con-sigs-inv: ss = it

lemma consistent-reflexive:
(c~0)A(sXs) A (ss= ss)
apply (induct rule: ty-sig.induct)
apply auto
done

lemma consistent-sigs-reflezive:
58 & 88
using consistent-reflerive by simp

lemma consistent-symmetric:
(c~T—T~o)AN(SZt— tXs)A(ssr it — tt = ss)
apply (induct rule: consistent-consistent-sig-consistent-sigs.induct)
by auto

inductive-cases cons-int-bool[elim!]: IntT ~ BoolT

lemma consistent-not-trans:

(V71 T2 T3. T1 ~ T2 ANTa ~ T3 —> T1 ~ T3)
proof —

have A: IntT ~ ? by auto

have B: ¢ ~ BoolT by auto

have C: = (IntT ~ BoolT) by auto

from A B C show ?thesis by auto
qed



lemma cons-sig-name: s & t => ms-name s = ms-name t
using ms-name-def by auto

4.1 Type Restriction

It is difficult to express the type restriction operator as a function in Isabelle
because it requires general recursion and mutual recursion, which is not sup-
ported by the recdef facility. We instead define the restrict operator via axioms.
Given more time, it would be preferable to define it as a relation and then prove
that the relation is a function.

consts
restrict-ty :: ty = ty = ty (-|]- [99,99] 98)
restrict-sig :: sig = sig = sig (-1- [99,99] 98)
restrict-sigs :: stg list X sig list = sig list

syntax

restrict-sigs- :: sig list = sig list = sig list (-||- [202,202] 201)
translations

ss||tt == restrict-sigs(ss, it)

lemma rbool[simp|: BoolT |t = (if T = ? then ? else BoolT) sorry
lemma rint[simp): IntT|t = (if 7 = ? then ? else IntT) sorry
lemma rfloat[simp): FloatT|t = (if T = ? then ? else FloatT) sorry
lemma rfun[simp]:
(01 — o)l =
(case T of IntT = (01 — 032) | FloatT = (01 — 02) | BoolT = (01 — 02)
‘ T1 — T2 = 0'1|7‘1 — 0'2|7'2
‘ ObjT tt = (0'1 — 02)
| ? = ?) sorry
lemma robj[simp]:
(ObyT ss)|T =
(case T of IntT = (ObjT ss) | FloatT = (ObjT ss) | BoolT = (ObjT ss)
| 71 — 72 = (ObjT ss)
| ObjT tt = ObjT (ss||tt)
| ? = ?) sorry
lemma runk[simp]:
?|T = ? sorry

defs restrict-sig-def:
slt = (case s of (Sigl o) = (case t of (Sigl’' 7) =
if 1 =1’ then Sig I (o|7) else Sig | o))
declare restrict-sig-def [simp]

recdef restrict-sigs measure (X p. size (fst p) + size (snd p))
restrict-sigs(ss, tt) = (case ss of [| = ||
| (s#ss) =
(case tt of [| = (s#ss)
| (t#tt) =



if ms-name s < ms-name t then s#(restrict-sigs(ss, t#tt))
else (if ms-name s > ms-name t then restrict-sigs(s#ss,tt)
else (s|t)#(restrict-sigs(ss,tt)))))

lemma restrict-sig-name: ms-name (slt) = ms-name s
apply (case-tac s) apply (case-tac t) using ms-name-def by auto

lemma restrict-self-id: (7|t = (r::ty)) A (t1t = t) A (tt]|tt = tt)
apply (induct rule: ty-sig.induct)
apply force apply force apply force apply force apply force apply force

apply force apply force apply force
done

lemma consistent-restrict-impl:
(V (o:ty) 7. n = size T + size p — T ~ T|p )
NN rt.n=sizet + sizer — t = t|r)
A (Y rrtt. n = sig-list-size tt + sig-list-size rr — it =~ tt||rr) (is 2P n)
proof (induct rule: nat-less-induct)
fix n
assume [H: Vm<n. ¢P m
show ?P n
apply (rule conjl) apply (rule alll)+ apply (rule impl) defer
apply (rule conjl) apply (rule alll)+ apply (rule impl) defer
apply (rule alll)+ apply (rule impl) defer
proof —
fix p::ty and 7::ty assume n: n = size T + size ©
show 7 ~ 7|p
apply (cases T)
apply (cases o) apply force apply force apply force apply force apply force
apply force
apply (cases g) apply force apply force apply force apply force apply force
apply force
apply (cases o) apply force apply force apply force apply force apply force
apply force
apply (cases o) apply force apply force apply force defer apply force apply
force
apply (cases o) apply force apply force apply force apply force defer apply
force
apply force defer
proof —
fix tt rr assume t: 7 = ObjT tt and r: o = ObjT rr
let ?m = sig-list-size tt + sig-list-size rr
from ¢ r n have mn: ?m < n by auto
from mn IH have ttrr: tt = it||rr by auto
with t r show ?thesis by auto
next
fix t1t2rlr2 assume t: 7=t - t2and r:p=1r1 — r2
let ?m1 = size t1 + size rl
from n ¢ r have mni: ?mi1 < n by auto
from mn! IH have tirl: t1 ~ t1|rl by simp



let ?m2 = size t2 + size r2
from n ¢t r have mn2: m2 < n by auto
from mn2 IH have t2r2: t2 ~ t2|r2 by simp

from t1r1 t2r2 t r show ?thesis by auto

qed
next
fix r::sig and t::sig
assume n: n = size t + size r
obtain [ 7 where ¢: ¢ = Sig | 7 apply (cases t) by auto
obtain [’ p where 7: r = Sig I’ o apply (cases r) by auto
let Ym = size 7 + size o
from ¢ r n have mn: m < n by auto
from mn IH have tr: T ~ 7|o by auto
with t r show ¢ 2 ¢|r by auto
next

fix rr tt assume n: n = sig-list-size tt + sig-list-size rr
show &t ~ tt||rr

apply (cases tt)

apply force

apply (cases rr)

apply simp using consistent-reflexive apply blast

proof —

fix t ts r rs assume t: tt = t#ts and r: = r#rs

show %thesis

proof (cases ms-name t < ms-name 1)

assume tr-name: ms-name t < ms-name r

from t r tr-name have ttrr: tt||rr = t#(ts||(r#rs)) by simp
let ?m = sig-list-size ts + sig-list-size (r#trs)
from n ¢t r have mn: ?m < n by auto
from mn IH have tsrs: ts =~ ts||(r#rs) by blast
have tt: ¢t & t using consistent-refierive by blast
from tt¢ tsrs have t#(ts) =~ t#(ts]|(r#rs)) by (rule CConsT)
with t ttrr show ?thesis by simp
next
assume tr-name: —(ms-name t < ms-name 1)
show ?thesis
proof (cases ms-name t = ms-name r)
assume ter: ms-name t = ms-name r
from t r ter have ttrr: tt||rr = (t]7r)#(ts||rs) by simp

let ?m = sig-list-size ts + sig-list-size rs
from n ¢t r have mn: ?m < n by auto
from mn IH have tsrs: ts = ts||rs by blast

let ?m2 = size t + size T
from n ¢ r have mn2: m2 < n by auto
from mn2 IH have tir: t = t|r by blast



from tir tsrs have t#ts = (t|r)#(ts||rs) by (rule CConsT)
with ¢ r ttrr show %thesis by simp

next
assume tr-name2: ms-name t # ms-name r
from tr-name tr-name2 have tgr: ms-name t > ms-name r by simp
from t r tgr have ttrr: tt||rr = ((t#ts)||rs) by simp
let ?m = sig-list-size (t#ts) + sig-list-size s
from n ¢t r have mn: ?m < n by auto
from mn IH have tsrs: (t#ts) =~ (t#ts)||rs by blast
with ¢ ttrr show tt = tt||rr by simp

qed

qed
qed
qed
qed

lemma consistent-restrict: T ~ 7|(0::ty)
using consistent-restrict-impl by blast

lemma consistent-implies-intersect-eq:
(c~T—o0|lT="7|o)A (s 2t — s|t =1t]s) A (ss = tt — ss||tt = tt||ss)
apply (induct rule: consistent-consistent-sig-consistent-sigs.induct)
apply force
apply force
apply simp apply (case-tac 7) apply simp+
apply (case-tac 7) apply simp apply simp apply simp apply simp apply simp
apply simp
apply simp
apply simp
apply simp
apply (erule con-sig-inv) apply clarify
apply (erule con-sigs-inv)
apply (simp add: ms-name-def)
apply (simp add: ms-name-def)
done

lemma intersect-eq-implies-consistent:
Vor.n=sizeo+ size T No|Tt =7loc — o ~ T)
AN (Y st.n=sizes+ sizet A s|t =1tls — s=t)
A (V ss tt. n = sig-list-size ss + sig-list-size tt A ss||tt = tt||ss — ss =~ it)
(is 2P n)
proof (induct rule: nat-less-induct)
fix n
assume [H: Vm<n. ¢P m
show 7P n
apply (rule conjl) apply (rule alll)+ apply (rule impl) apply (erule conjE)
defer
apply (rule congI) apply (rule olll)+ apply (rule impI) apply (erule conjE)
defer
apply (rule alll)+ apply (rule impl) apply (erule conjE) defer
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proof —
fix o::ty and 7::ty assume n: n = size o + size 7 and stts: o|T = T|o
from stts show o ~ 7
apply (cases o)
apply (cases ) apply force apply force apply force apply force apply force
apply force
apply (cases ) apply force apply force apply force apply force apply force
apply force
apply (cases ) apply force apply force apply force apply force apply force
apply force
apply (cases 7) apply force apply force apply force defer apply force apply
force
apply (cases T) apply force apply force apply force apply force defer apply
force
apply force
proof —
fix s1 s2tl1 t2 assume s: 0 = sl — s2 and t: 7 =t — t2
let ?m1 = size s1 + size t1
from n s t have mnl: ?ml < n by auto
from stts s t have sttsl: s1|tl1 = t1|sl by auto
from sits s t have stts2: s2|t2 = t2|s2 by auto
from stts1 mnl IH have sitl: s1 ~ t1 by blast
let 2m2 = size s2 + size t2
from n s t have mn2: ?m2 < n by auto
from stts2 mn2 IH have s2t2: s2 ~ t2 by blast
from s1t1 s2t2 s t show ?thesis by auto
next
fix ss tt assume s: 0 = ObjT ss and t: 7 = ObjT tt
let ?m = sig-list-size ss + sig-list-size tt
from s t n have mn: ?m < n by auto
from sits s t have ssttss: ss||tt = tt||ss by simp
from ssttss mn IH have ttrr: ss = tt by blast
with s ¢t show ?thesis by auto
qed
next
fix s::sig and t::sig
assume n: n = size s + size t and stts: s|t = t]s
obtain [ o where s: s = Sig | o apply (cases s) by auto
obtain [’ 7 where t: t = Sig I’ T apply (cases t) by auto
let ?m = size 0 + size T
from s ¢t n have mn: ?m < n by auto
from stts s t have Il: [ = I’
apply (case-tac | = ') apply auto done
from Il stts s t have stts2: o|t = 7|0 by simp
from stts2 mn IH have st: o ~ 7 by auto
with [l s t show s = t by auto
next
fix ss tt assume n: n = sig-list-size ss + sig-list-size tt
and ssttss: ss|[tt = tt||ss
from ssttss show ss ~ tt

11



apply (cases ss)
apply (cases tt) apply force apply force
apply (cases tt) apply force
proof —
fix s Is t ts assume s: ss = s#ls and t: tt = t#is
show ?thesis
proof (cases ms-name s < ms-name t)
assume stn: ms-name s < ms-name t
have ss & ss||tt using consistent-restrict-impl by blast
with s t have s & hd(ss||tt)
apply clarify apply (erule con-sigs-inv) by auto
with cons-sig-name have shn: ms-name s = ms-name(hd(ss||tt)) by simp
have tt ~ tt||ss using consistent-restrict-impl by blast
with s t have t = hd(tt]|ss)
apply clarify apply (erule con-sigs-inv) by auto
with ssttss have t = hd(ss||tt) by simp
with cons-sig-name have thn: ms-name t = ms-name(hd(ss||tt)) by simp
from shn thn stn have Fualse by simp
thus ?thesis by simp
next
assume sget: = (ms-name s < ms-name t)
show %thesis
proof (cases ms-name s = ms-name t)
assume ste: ms-name s = ms-name t
from s t ste have sstt: ss||tt = (s|t)#(ls||ts) by simp
from s t ste have ftiss: tt||ss = (t]s)#(ts]|ls) by simp
from ssttss sstt ttss have sts: s|t = t|s by simp
from ssttss sstt ttss have Istsls: ls||ts = ts||ls by simp

let ?m = sig-list-size ls + sig-list-size ts
from n s t have mn: ?m < n by auto
from Istsls mn IH have lsts: Is ~ ts by blast

let ?m2 = size s + size t
from n s t have mn2: ?m2 < n by auto
from sts mn2 IH have st: s = t by blast
from st Ists have s#ls ~ t#ts by (rule CConsT)
with s ¢ show ?thesis by simp
next
assume stne: ms-name s 7 ms-name t
have ss & ss||tt using consistent-restrict-impl by blast
with s ¢ have s & hd(ss||tt)
apply clarify apply (erule con-sigs-inv) by auto
with cons-sig-name have shn: ms-name s = ms-name(hd(ss||tt)) by simp
have tt ~ tt||ss using consistent-restrict-impl by blast
with s ¢t have ¢ = hd(t||ss)
apply clarify apply (erule con-sigs-inv) by auto
with ssttss have t 22 hd(ss||tt) by simp
with cons-sig-name have thn: ms-name t = ms-name(hd(ss||tt)) by simp
from shn thn stne have Fualse by simp

12



thus ?thesis by simp
qed
qed
qed
qed
qed

lemma intersect-eq-implies-consistent-ty:
olr=7lco = o0~T
using intersect-eq-implies-consistent by blast

lemma consistent-iff-intersect-eq:
(0 ~7) = (ol7 = 7l(ou:ty))
using consistent-implies-intersect-eq
intersect-eq-implies-consistent-ty
by blast

4.2 Type Merging

Like the type restriction operator, it is difficult to express type merging as a
function in Isabelle, and we instead just define it using axioms.

consts
merge :: ty = ty = ty (infixl — 52)
merge-sig :: sig = sig = sig (infix]l «—: 52)
merge-sigs :: sig list = sig list = sig list (infixl —:: 52)

lemma mbool[simp|: BoolT+—1 = (if 7 = ? then ? else BoolT') sorry
lemma mint[simp): IntT+—7 = (if 7 = ? then ? else IntT) sorry
lemma mfloat[simp]: FloatT+—1 = (if 7 = ? then ? else FloatT) sorry
lemma mfun[simp):
(01 = 02) — 7=
(case T of IntT = (01 — 02) | FloatT = (o1 — 02) | BoolT = (01 — 02)
| t1 — t2 = (o1t1) — (02+t2)
| ObjT it = (01 — 02)
| 2 = ?) sorry
lemma mobj[simp]:
(ObjT ss)—1 =
(case T of IntT = (ObjT ss) | FloatT = (ObjT ss) | BoolT = (ObjT ss)
| 71 — 72 = (ObT ss)
| ObjT it = ObjT (ss+—::tt)
| # = ?) sorry
lemma munk[simp]: ?—7 = T sorry

lemma msig[simp]:
(Sigl o) —: (Sigl' 7) = (if I = I’ then Sig l (c+7) else Sig | o) sorry

lemma mnill [simp]: [| —:: tt = [] sorry

lemma mnil2[simp]: ss —:: [| = ss sorry
lemma mcons![simp]: ms-name s < ms-name t = (s#ss)—::(1#tt) = s#(ss —:
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(t#tt)) sorry

lemma mcons2[simp|: ms-name s = ms-name t = (s#tss)—::(t#1t) = (s—:t)#(ss
~:: {t) sorry

lemma mcons3[simp]: ms-name s > ms-name t => (s#ss)—::(t#tt) = ((s#ss) —:
it) sorry

lemma consistent-merge-impl:
(V o7.n = size p+ sizeT — p ~ (0 — 7))
NN rt.n=sizer + sizet — r = (r < t))
A (Y rritt. n = sig-list-size 7 + sig-list-size tt — rr == (rr —:: it)) (is 2P n)
apply (induct rule: nat-less-induct)
apply (rule conjl)
apply clarify
apply (case-tac o)
apply force
apply force
apply force
apply (case-tac T) apply force apply force apply force defer apply force apply
force
apply (case-tac 7) apply force apply force apply force apply force defer apply
force
apply force defer
apply (rule-tac z=size tyl + size tyla in allE, assumption)
apply simp apply (erule conjE) apply (erule-tac z=tyl in allE)
apply (erule-tac z=tyla in allE)
apply (erule-tac z=size ty2 + size ty2a in allE)
apply simp apply (erule conjE) apply (erule conjE)
apply (erule-tac z=ty2 in allE)
apply (erule-tac z=ty2a in allE)
apply force
apply (erule-tac x=sig-list-size list + sig-list-size lista in allF)
apply simp apply (erule conjE)+
apply (erule-tac z=list in allE)
apply (erule-tac z=lista in allE)
apply force
apply (rule conyl)
apply clarify
apply (case-tac ) apply (case-tac t)
apply (erule-tac z=size ty + size tya in allE)
apply simp apply (erule conjE)+
apply (erule-tac z=ty in allE)
apply (erule-tac z=tya in allE)
apply force
apply clarify
apply (case-tac rr) apply force
apply (case-tac it) apply simp using consistent-reflezive apply simp
apply (case-tac ms-name a < ms-name aa)
apply (erule-tac x=sig-list-size list + sig-list-size (aa#lista) in allE)
apply simp apply (erule conjE)+
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apply (erule-tac z=list in allE)
apply (erule-tac z=aa#lista in allE)
apply simp apply (rule CConsT) using consistent-reflexive apply simp
apply assumption
apply (case-tac ms-name a = ms-name aa)
apply (rule-tac x=sig-list-size list + sig-list-size lista in allE, assumption)
apply simp apply (erule conjE)+
apply (erule-tac z=list in allE)
apply (erule-tac z=lista in allE)
apply (erule-tac z=size a + size aa in allE)
apply simp apply (erule conjE)+
apply (erule-tac z=a in allE)
apply (erule-tac z=a in allE)
apply (erule-tac z=aa in allF)
apply (erule-tac z=aa in allF)
apply simp apply (rule CConsT) apply assumption apply assumption
apply (erule-tac z=sig-list-size (a#list) + sig-list-size lista in allF)
apply auto
done

lemma consistent-merge:
o~ (0~ T)
using consistent-merge-impl by simp

4.3 Subtyping

consts
subtype :: (ty X ty) set
subtype-sig :: (sig X sig) set
subtype-sigs :: (sig list x sig list) set
syntax
subtype :: ty = ty = bool (infixl <: 51)
subtype-sig :: sig = sig = bool (infixl < 571)
subtype-sigs :: sig list = sig list = bool (infix] <:: 51)

translations
o <: 7 == (0, T) € subtype
o X7 == (0, T) € subtype-sig
o <: 1 == (0, T) € subtype-sigs

inductive subtype subtype-sig subtype-sigs intros
SIntIntlintrol]: IntT <: IntT
SBoolBool|introl]: BoolT <: BoolT
SFF[intro!]: FloatT <: FloatT
SIntFloat[intro!]: IntT <: FloatT
SFun[intro!]: [T <t oy 0’ < 7' = (0 » o) < (T — 7))
SUU [introl]: 2 <: 2
SObjlintrol]: ss <:: tt = ObjT ss <: ObyT tt

SSiglintrol]: [l =157 =71"] = SiglT < Sigl’' 7’

SNillintrol]: ss <:: []
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SConsllintrol]: [ s <X t; ss <u: tt | => (s#ss) <u: (t#1t)
SCons2lintrol]: [ ms-name s < ms-name t; ss <:: t#tt | = (s#tss) <:: (t#tt)

inductive-cases sub-fun-inv[elim!]: s — s’ <: t — t’
inductive-cases sub-obj-inv[elim!]: ObjT ss <: ObjT it
inductive-cases sub-sig-inv[elim!]: Sigls < Sig 't
inductive-cases sub-sig-right-inv[elim!]: s < Sig I t
inductive-cases sub-sig-left-inv]elim!]: Sigls < t
inductive-cases sub-sigs-inv: ss <:: tt

theorem subtype-reflexive[simp]: 0 <: 0 A s < s A ss <:: 88
apply (induct rule: ty-sig.induct)
apply force apply force apply force apply force apply force apply force
apply force apply force apply (rule SCons!) apply auto done

lemma sub-sigs-reflexive:
ms <:: ms
using subtype-reflexive by simp

lemma subtype-trans|trans]:
[[Q<:J;U<:T]:>Q<:Tsorry

lemma subtype-sig-trans|trans]:
[02o2T]= 02T
apply (case-tac o) apply (case-tac o) apply (case-tac 7) by auto

lemma sub-sigs-trans[trans]:
assumes m12: msl <:: ms2
and m23: ms2 <:: ms3
shows ms1 <:: ms3
sorry

lemma sub-obj-right-inv:
o <: ObjT tt = 3 ss. 0 = ObjT ss N ss <:: tt
apply (cases rule: subtype.cases) by auto

lemma sub-fun-right-inv:
c<io -7 =3 s1s2.0=81 —-82N0’ <81 ANs2<:T
apply (cases rule: subtype.cases) by auto

lemma merge-sub-sig: (r —:t) Xt = (r < t) =t
apply (case-tac t) apply simp
apply (erule sub-sig-right-inv) by auto

lemma sub-merge-sig: t X (r —: t) =t = (r < t)

apply (case-tac t) apply simp
apply (erule sub-sig-left-inv) by auto
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lemma restrict-sub-merge-impl:
(V o1.n=size p+ size T — (p|T <: T|o — (0—7) <:7) A (Tlo <: o|]T — T
< (0= )
NN rt.n=sizer + sizet — (rlt S tlr — (r—:t) I t) A (tlr S rlt — ¢t
< (r i )
A (Y rritt. n = sig-list-size rr + sig-list-size tt —
(rr||tt <:: tt||rr — (rr —: 8t) <z 6t) A (Et||rr <:orr||tt — 6 < (rr <22 t1)))
(is 2P n)
proof (induct rule: nat-less-induct)
fix n
assume [H: Vm<n. P m
show ?P n
apply (rule conjl) apply (rule alll )+ apply (rule impI) apply (rule conjI) defer
defer
apply (rule conjI) apply (rule alll)+ apply (rule impl) apply (rule conjI) defer
defer
apply (rule alll)+ apply (rule impI) apply (rule conjl) defer defer
proof —
fix p::ty and 7::ty assume n: n = size g + size T
show o|T <:7|p — (0 — 7) <: T
apply clarify
apply (case-tac ::ty)
apply (case-tac T::ty) apply simp apply simp apply simp apply simp apply
simp apply simp
apply (case-tac T::ty) apply simp apply simp apply simp apply simp apply
stmp apply simp
apply (case-tac 7::ty) apply simp apply simp apply simp apply simp apply
simp apply simp
apply (case-tac T::ty) apply simp apply simp apply simp defer apply simp
apply simp
apply (case-tac T::ty) apply simp apply simp apply simp apply simp defer
apply simp
apply simp
proof —
fix 71 r2 t1 t2 assume 71tir: o|t <: Tlpand r: p=7rl — r2 and t: T =t1 — t2
from rttr r t have ritr-sub: (r1|t1) — (r2|t2) <: (t1|rl) — (t2|r2) by simp
from ritr-sub have trrtl: (¢1|r1) <: (r1|t1) by auto
from ritr-sub have rtri2: (r2|t2) <: (t2|r2) by auto
let Ym1 = size r1 + size t1
from n ¢t r have mnl: ?ml < n by auto
from t¢rrt! mnl IH have ¢rt1: t1 <: (r1 < t1) by blast
let Ym2 = size 2 + size t2
from n r t have mn2: ?m2 < n by auto
from rtrt2 mn2 IH have rit2: (r2 +— t2) <: t2 by blast
from trt! rtt2 r t show (9 — 7) <: 7 by auto
next
fix rr tt assume rttr: o|7 <: 7|p and r: o = ObjT rr and t: 7 = ObjT tt
from rttr r t have ritr-sub: (rr||tt) <:: (tt]|rr) by auto
let ?m = sig-list-size rr + sig-list-size tt
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from n ¢t r have mn: ?m < n by auto
from rtir-sub mn IH have rtt: rr —:: tt <:: tt by blast
from rtt r t show ¢ «— 7 <: 7 by auto
qed
next
fix p::ty and 7::ty assume n: n = size 9 + size T
show T|op <: g|T — T <t p+— T
apply clarify
apply (case-tac p::ty)
apply (case-tac T::ty) apply simp apply simp apply simp apply simp apply
simp apply simp
apply (case-tac 7::ty) apply simp apply simp apply simp apply simp apply
stmp apply simp
apply (case-tac T::ty) apply simp apply simp apply simp apply simp apply
stmp apply simp
apply (case-tac T::ty) apply simp apply simp apply simp defer apply simp
apply simp
apply (case-tac T::ty) apply simp apply simp apply simp apply simp defer
apply simp
apply simp
proof —
fix r1 r2t1 t2 assume ritr: Tlp <: go|rand r: p=rl - r2and t: 7 =t1 — t2
from ritr r t have rttr-sub: (t1|r1) — (t2|r2) <: (r1|t1) — (r2]t2) by simp
from rttr-sub have trrtl: (r1|t1) <: (t1|rl) by auto
from rttr-sub have rtrt2: (t2|r2) <: (r2|t2) by auto
let ?m1 = size r1 + size t1
from n ¢t r have mni1: ?ml1 < n by auto
from trrtl mnl IH have trtl: r1 — t1 <: t1 by blast
let ?m2 = size r2 + size t2
from n r t have mn2: m2 < n by auto
from rtrt2 mn2 IH have ritt2: t2 <: r2 — t2 by blast
from trtl rtt2 r t show 7 <: p — 7 by auto
next
fix rr ¢t assume ritr: 7)o <: o|T and r: p = ObjT rr and t: 7 = ObjT tt
from ritr r t have rttr-sub: (tt||rr) <:: (rr||tt) by auto
let ?m = sig-list-size rr + sig-list-size tt
from n ¢t r have mn: ?m < n by auto
from rtir-sub mn IH have rtt: tt <:: rr «—:: tt by blast
from rtt r t show 7 <: o «— 7 by auto
qed
next
fix r::sig and t::sig assume n = size r + size t show r|t < t|r — r —: t <t
sorry
next
fix r::sig and t::sig assume n = size r + size t show t|r < r|t — t Jr—:t
sorry
next
fix rr tt assume n = sig-list-size rr + sig-list-size tt
show rr||tt <: tt||rr — rr < {t <:: it sorry
next
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fix rr tt assume n = sig-list-size rr + sig-list-size tt
show tt||rr <:: rr||tt — tt <:: rr < tt sorry
qed
qed

constdefs subcons :: ty = ty = bool (infixl < 51)
cST=o0olr<Tlo

lemma restrict-sub-merge:
0SS T = 0T <i T
using restrict-sub-merge-impl subcons-def by simp

5 Operational Semantics

consts SimpleValues :: expr = bool

primrec
SimpleValues (BVar i) = True
SimpleValues (FVar ) = True
SimpleValues (Const ¢) = True
SimpleValues (\:o. €) = True
Simple Values (App el e2) = False
SimpleValues (Cast e s t) = False
SimpleValues (Obj ms ) = True
Simple Values (Invoke e 1) = False
SimpleValues (Update e m) = False

consts Values :: expr = bool

primrec
Values (BVar i) = True
Values (FVar z) = True
Values (Const ¢) = True
Values (M:o. e) = True
Values (App el e2) = False
Values (Cast e s t) = SimpleValues e
Values (Obj ms 7) = True
Values (Invoke e l) = False

Values (Update e m) = False

consts to-int :: expr = int option
primrec
to-int (BVar ) = None
to-int (F'Var z) = None
to-int (Const ¢) =
(case ¢ of
IntC'n = Some n
| FloatC n = None
| BoolC' b = None
| Sucec = None
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| IsZero = Nomne)

to-int

to-int (Lam 7 e¢) = None

to-int (App el e2) = None

to-int (Cast e s t) = None

to-int (Obj ms 7) = None

to-int (Invoke e l) = None
(

Update e m) = None

consts delta :: const = expr = expr option (J)
primrec
delta (IntC n) e = None
delta (FloatC n) e = None
delta (BoolC b) e = None
delta Succ e =
(case to-int e of
None = None
| Some n = Some (Const (IntC (n + 1))))
delta IsZero e =
(case to-int e of
None = None
| Some n = Some (Const (BoolC (n = 0))))

consts lookup :: method list = nat = method option
primrec
lookup [] | = None
lookup (m#ms) | = (if | = mname m then Some m else lookup ms )

consts replace :: method list = method = method list
primrec

replace-nil: replace [| m' = []

replace-cons: replace (m#ms) m’' = (if mname m = mname m’ then m'#ms else
md#(replace ms m’))

constdefs mcast :: expr = ty = ty = expr
mcast e o T = if 0 = 7 then e else Cast e 0 T

consts reduces :: (expr X expr) set
syntax reduces :: expr = expr = bool (infixl —— 51)
translations e —— ¢’ == (e,e’) € reduces
inductive reduces intros
Beta: Values v = App (\:T. e) v —— {0—v}e
Delta: | Values v; § c v = Some v' | = App (Const ¢) v —— v’
Sel: [ lookup ms | = Some (Method [ €) |
= Invoke (Obj ms 7) | —— App e (Obj ms T)
Upd: Update (Obj ms 7) m —— Obj (replace ms m) T
ApCst: [ SimpleValues vyi; Values vy | =
App (vi{(c—7)=(0—v))) va — mcast (App vi (mcast va ¢ 0)) T v
SelCst: [ Values v; lookup-sig ss | = Some (Sig | o);
lookup-sig tt | = Some (Sig | 7) |
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= Invoke (v(ObjT ss = ObjT tt)) | —— mcast (Invoke v i) o T
UpdCst: | Values v; lookup-sig ss | = Some (Sig | o);
lookup-sig tt | = Some (Sig | T);
m' = Method | (b{(ObjT tt —7) =(0bjT ss — 0))) |
= Update (v{(ObjT ss = ObjT tt)) (Method | b) —— (Update v m'){ObjT ss
= OYyT it)
Merge: [ SimpleValues v; 0 S 750 # 7]
= (v(0o=0)){c’'=7T) —— mcast v g (0~T)
Remove: [ SimpleValues v; o = 7 |
= (v{o=0))(c'=T) —— v

constdefs redex :: expr = bool
redecr = (3 r'.r —— 1)

datatype ctz = Hole | AppL ctz expr | AppR expr ctz | InvokeC ctx nat | UpdateC
ctz method
| CastC ctx ty ty (-(-=-) [53,58,53] 52)

consts wf-ctz :: ctr set

inductive wf-ctz intros
WFHole: Hole € wf-ctx
WFAppL: E € wf-ctv = AppL E e € wf-ctz
WEAppR: | Values v; E € wf-ctz | = AppR v E € wf-ctz
WFInvoke: E € wf-ctx = InvokeC E | € wf-ctx
WFUpdate: E € wf-ctx = UpdateC E m € wf-ctx
WEFCastC: E € wf-ctx = CastC E o 7 € wf-ctx

consts fill :: ctz = expr = expr (-] [82,82] 81)
" Holele] = ¢

(AppL E e2)[e] = App (Ele]) e2

(AppR el E)[e] = App el (E[e])

(InvokeC E l)[e] = Invoke (Ele]) 1

(UpdateC E m)[e] = Update (Ele]) m

(CastC E s t)[e] = Cast (Ele]) st

consts eval-step :: (expr X expr) set
syntax eval-step :: expr = expr = bool (infixl — 51)
translations e — e’ == (e,e’) € eval-step
inductive eval-step intros

Step: [ E € wf-ctz; r —— r' ] = E[r] — E|r]

6 The Gradual Type System

lemma lookup-implies-in-dom:
lookup-sig ms | = Some s => | € DomT ms
apply (induct ms) apply force apply force apply force apply force apply force
apply force apply force apply force apply (case-tac sig) apply simp
apply (case-tac | = nat) apply (simp add: ms-name-def) apply force
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apply (simp add: ms-name-def) done

consts
FV :: expr = nat set
FVm :: method = nat set
FVs :: method list = nat set

primrec
FV (BVar i) = {}
FV (FVar z) = {z}
FV (Const ¢) = {}
FV (Ao.e)=FVe
FV (App el e2) = FV el U FV e2
FV (Obj ms T) = FVs ms
FV (Invoke el) = FV e
FV (Update e m) = FV e U FVm m
FV (Castest) =FVe

FVm (Method l e) = FV e

FVs [} = {}
FVs (m#ms) = FVm m U FVs ms

lemma finite-FV-impl: finite (FV e) A finite (FVm m) A finite (FVs ms)
apply (induct rule: expr-method.induct) by auto

lemma finite-FV: finite (F'V e)
using finite-FV-impl by simp

types env = nat = ty option

constdefs remove-bind :: env = nat = env = bool (- — - C - [50,50,50] 49)
F-zcl'=Var.za#2ATz=Somer — 'z = Somer

constdefs finite-env :: env = bool
finite-env T' = finite (dom T')

consts TypeOf :: const = ty
primrec
TypeOf (IntC' n) = IntT
TypeOf (FloatC n) = FloatT
TypeOf (BoolC b) = BoolT
TypeOf Succ = IntT — IntT
TypeOf IsZero = IntT — BoolT

consts
gt :: (env X expr X ty) set
gtm = (env X method x sig X ty) set
gtms :: (env X method list X sig list X ty) set
syntax
gt i env = expr = ty = bool (- Fq -: -[52,52,52] 51)
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gtm :: env = method = sig = ty = bool (- g -: - in - [562,52,52,52] 51)
gtms :: env = method list = sig = ty = bool (- ¢ - = - in - [52,52,52,52] 51)
translations
F'ktge:T=={,e,71)€gt
P'te m:7inot == (T, m, 7, ot) € gtm
I'tg ms 7 in ot == (', ms, T, ot) € gtms
inductive gt gtm gtms intros
GVar|intro!: T' z = just 1 = ' kg (FVarz) : 7
GConstlintrol]: T' Fa Const ¢ : TypeOf ¢
GLamlintro!]:
[ finite L;V z. 2 ¢ L — T'(z—0) Fg {0—FVarz}e: 7 Az ¢ dom I']
= Ttrg (No.e):0—T
GAppl[intro!: [T kg e1: 95T Fg ea : T2 ]
= Tt (App e1 e2) : ?
GApp2lintro!]: [T kg e1: (T > 7'); T kg ea : 12572 S 7]
= DI'kg (App e1 e2) : 7’
GCastlintrol]: [T Fg e: 0,0 S 7]
= I'tg CasteoT:T
GSell: [Tktge: 2] =T tg Invoke el : ?
GSel2: [T kg e : ObjT ss; lookup-sig ss | = just (Sig 1 7) ]
— I'tg Invoke el : T

GUpdl: [T'kge: 5T kg m:sinT]
= I ¢ Update e m : ObjT [s]
GUpd2: [I" k¢ e : ObjT ss;
ke m: (Siglo)in ObT ss;
lookup-sig ss | = just (Sigl 7); 0 < 7]
= I' k¢ Update e m : ObjT ss

GObj: ' Fg ms :: ssin ObjT ss
= I' k¢ Obj ms (ObjT ss) : ObjT ss

GMtd: [T tg e: 0 — 1; ObjT ss < o;
lookup-sig ss 1 = just (Sig ! 7) ]
= I' kg Method l e : (Sig I 7) in ObjT ss

GNil:T ke[| =[] inT
GCons: [Tt m:sin7; ' Fg ms:: ssin 7|
= T kg (m#ms) = (s#ss) in T

7 Translation to Intermediate Language

consts
compile :: (env X expr X expr X ty) set
cm :: (env X method X method X sig X ty) set
cms :: (env X method list X method list x sig list X ty) set
syntax
compile :: env = expr = expr = ty = bool (-F - = -: -[52,52,52,52] 51)
cm :: env = method = method = sig = ty = bool (-F -= -:-1in-[52,52,52,52,52]
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51)

cms :: env = method list = method list = sig = ty = bool (-+ - = - -in -
52,52,52,52,52] 51)
translations
F'te=ce :7==(T,e, e, 7) € compile
FTkm=m':sint==(,m,m', s, 7) € cm
't ms = ms':: ssin T == (I, ms, ms’, ss, 7) € cms

inductive compile cm ¢cms intros
CVarlintro!]: T o = just T =T+ FVarz = FVarz : 7
CConstlintrol]: T' = Const ¢ = Const ¢ : TypeOf ¢
CLaml[introl]: [ finite L; ¥V z. x ¢ L — I'(z—0) F {0—=FVar z}e = {0—FVar
zte' T ANz ¢ dom T ]
=T+ (No.e)=> (No.e): (c = 7)
CAppl[introl]: [T e1 = e : % TkFex=eh 1] =
T+ (App e1 e2) = (App (mcast e’y 2 (12 — ?)) e'2) : ?
CApp2lintro!]: [T F e1 = e'1 : (1 — 7');
F'Fex=eb:iTm2 7] =
Tk (App e1 e2) = (App €'t (mcast e’y 72 (T2 — 7)) = T
CCastlintro!]: [THe=¢":0;0 S 7] =
'k Casteo T = mcaste' o (0 —7): 7
CSell: [TFe=¢":72]
= T+ Invoke e | = Invoke (mcast e’ 2 (ObjT [Sigl ?])) 1 : ?
CSel2: [T+ e = e': ObjT ss; lookup-sig ss | = just (Sig 1 ) ]
= '+ Invoke e l = Invoke e’ : T
CUpdl:[Tke=e:2TFm=m':sin ObT [s] ]
= T' F Update e m = Update (mcast e’ ? (ObjT [s])) m': ObjT [s]
CUpd2: [Tk e = e’ : ObjT ss;
't m = (Method L b) : (Sig l &) in ObjT ss;
lookup-sig ss 1 = just (Sigl 7);0 S 7]
= I' I Update e m = Update e’ (Method I (mcast b (ObjT ss—o) (ObjT
ss—(o0+7)))) : ObjT ss
CObj: T+ ms = ms’ :: ssin ObjT ss
= '+ Obj ms (ObjT ss) = Obj ms' (ObjT ss) : ObjT ss
CMtd: [T+e=¢e':0— 1; ObT 35 < o;
lookup-sig ss | = just (Sig ! 7) ]
= I' - Method | e = Method | (mcast e’ (¢ — 7) ((6—0bjT ss) — 7)) :
(Sig I 7) in ObjT ss

’

CNil:TH[=[=]in7
CCons: [TFm=m':sin7;TFms = ms' :ssin 7]
= T F (m#ms) = (m'#ms’) = (s#ss) in T

7.1 Type System for Intermediate Language

consts

wte :: (env X expr X ty) set

wtm :: (env X method X sig X ty) set

witms 2 (env X method list X sig list X ty) set
syntax

wte 2 env = [expr,ty] = bool (- + -: -[52,52,52] 51)
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wtm i env = [method,sig,ty] = bool (- -: - in - [52,52,52,52] 51)

wims :: env = [method list,sig list,ty] = bool (- F - :: - in - [52,52,52,52] 51)
translations

F'Fe:7= (T, e 7)€ wte

P'tm:o0int=(T,m,o, 7)€ wtm

L'k ms:ssinTt = ([, ms, ss, 7) € wtms
inductive wte wtm wtms intros

wte-var: ' x = just 1 = '+ FVarz : 1

wte-const: T' = Const ¢ : TypeOf ¢

wte-abs:

[ finite LyV z. 2 ¢ L — T'(z—0) F {0—FVar z}e: 7 ANz ¢ dom T ]

=TkFXo.e):0—T

wte-app: [T Fe1:0 =7k ex:o]

—TI'F Apperex: T
wte-sub: [TFe:o;0<:7]=Tke:7
wte-cast: [TFe:o;0~T;0# 7] =TFelo=7): 7

wte-sel: [ T+ e : ObjT ss; lookup-sig ss | = just (Sigl 7) |
= I'F Invokeel : T

wte-upd: [T’ F e : ObjT ss;
T'Fm: sin ObT ss;
lookup-sig ss | = just s |
= I' + Update e m : ObjT ss

wte-obj: T' + ms :: ss in ObjT ss = ' = Obj ms (ObjT ss) : ObjT ss

wt-mtd: [T+ e : (ObjT ss) — T;
lookup-sig ss | = just (Sig ! 7) ]
= I' - Method l e : (Sig I T) in ObjT ss

wt-nil: TH [ [] in 7
wt-cons: [TFm:sint; T F ms:ssinT]
= I' b (m#ms) = (s#ss) in T

inductive-cases wi-mtd-inv[elim!]:
'+ (Method 1 b) : (Sigl o) in o

lemma restrict-sub-merge2:
TS 0= T < 0~T
using restrict-sub-merge-impl subcons-def by simp

7.2 The Translation is Sound

lemma compilation-sound-impl:
CTre=e:7—TFe:7)
ACEFm=m":sint—TFm':sin7)
ATkFms=ms :ssinT—TkFms' :ssinT)
apply (induct rule: compile-cm-cms.induct)
using wte-var apply simp
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using wte-const apply simp
apply (rule wte-abs) apply simp apply clarify
apply (erule-tac z=z in allE)
apply (erule impE) apply simp apply (erule conjE)+
apply (rule conjl) apply assumption apply assumption
apply (simp add: mcast-def) using wte-app wte-cast apply blast
apply (simp add: mcast-def)
apply (rule conjl) apply clarify apply (rule wte-app) apply simp
apply (rule wte-sub) apply simp using restrict-sub-merge apply force
apply clarify apply (rule wte-app) apply simp apply (rule wte-sub)
apply (rule wte-cast) apply simp apply (rule consistent-merge) apply simp
apply (rule restrict-sub-merge) apply simp
apply (simp add: mcast-def) apply (rule conjl) apply clarify
apply (rule wte-sub) apply simp using restrict-sub-merge apply force
apply clarify apply (rule wte-sub) apply (rule wte-cast) apply simp
apply (rule consistent-merge) apply simp
apply (rule restrict-sub-merge) apply simp
apply (simp add: mcast-def) apply (rule wte-sel) apply (rule wte-cast) apply
simp apply force
apply simp apply (simp add: ms-name-def)
using wte-sel apply simp
apply (simp add: mcast-def) apply (rule wte-upd) apply (rule wte-cast) apply
simp apply force apply simp
apply simp apply simp
defer
using wte-obj apply simp
defer
apply (rule wt-nil)
apply (rule wt-cons) apply simp apply simp
proof —
fixI'orbee lmss
assume ce: ' - e = e’ : ObjT ss and ep: T + e’ : ObjT ss and wtm: I' - m =
(Method 1 b) : (Sig I o) in ObjT ss
and wts: I' - (Method 1 b) : (Sig | o) in ObjT ss and ssl: lookup-sig ss | = just
(Sig 1 7)
and st: 0 < 7

from st have stt: (o0 «— 7) <: 7 by (rule restrict-sub-merge)

let %ct = ObjT ss — (0 — T)

from sit have sub: ?ct <: (ObjT ss—T) by auto

have sim: (ObjT ss — o) ~ ?ct using consistent-merge by force

from wts have wtb: I' - b : ObjT ss — o by auto

from wtb sim have witc: I' F mcast b (ObjT ss — o) fct : ?ct using mcast-def
wte-cast by auto

from wtc sub have wtc2: I' - mcast b (ObjT ss — o) ?ct : (ObjT ss—T) by (rule
wte-sub)

let ?m = Method | (mcast b (ObjT ss — o) %ct)

from wtc2 ssl have wtm: I' = 2m : (Sig I 7) in ObjT ss by (rule wt-mtd)

from ep wtm ssl show ' - Update e’ ?m : ObjT ss by (rule wte-upd)
next
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fixT'oTee'lss
assume'Fe= ¢ :0 —-7andep: T Fe':0 — 7and ss: ObjT ss S o
and ssl: lookup-sig ss | = just (Sig | )

let ?ct = ((0 — ObjT ss) — 1)

from ss have subl: ObjT ss <: o — ObjT ss by (rule restrict-sub-merge2)

hence sub: ?ct <: (ObjT ss — 7) using subtype-reflexive by auto

have sim: (o0 — 7) ~ %ct using consistent-merge by blast

from ep sim have wtc: T + (mecast e’ (0—7) ?ct) : 2ct using wte-cast mcast-def
by auto

from wtc sub have witc2: T + (mcast e’ (0—7) 2ct) : (ObjT ss — 1) by (rule
wte-sub)

from wic2 ssl show I' = Method | (mcast e’ (c—7) 2ct) : (Sig I 7) in ObjT ss by
(rule wt-mtd)
qged

theorem compilation-sound:
F're=e:7r=TFe:7
using compilation-sound-tmpl by blast

7.3 Sound and Complete with Respect to FOb..

consts
fob-type :: ty set
fob-sig :: sig set
fob-sigs :: (sig list) set
inductive fob-type fob-sig fob-sigs intros
FObInt[intro!]: IntT € fob-type
FObFloatlintro!]: FloatT € fob-type
FObBool[intro!]: BoolT € fob-type
FObArrow(introl]: [ T1 € fob-type; T2 € fob-type | =
(t1 — T2) € fob-type
FObOb T [intro!]: ss € fob-sigs = ObjT ss € fob-type

FObSiglintro!]: 7 € fob-type => Sig | T € fob-sig

FOONilT|intro!]: [| € fob-sigs
FObConsTintro!]: [ s € fob-sig; ss € fob-sigs | => s#ss € fob-sigs

inductive-cases fob-unk-inv[elim!]: ¢ € fob-type
inductive-cases fob-fun-inv[elim!]: o — 7 € fob-type
inductive-cases fob-objt-inv[elim!]: ObjT ss € fob-type
inductive-cases fob-sig-inv[elim!]: Sig | T € fob-sig
inductive-cases fob-sigs-inv[elim!]: ss € fob-sigs
inductive-cases fob-cons-inv[elim!]: s#ss € fob-sigs

consts
fob-term :: expr set
fob-method :: method set
fob-methods :: method list set
inductive fob-term fob-method fob-methods intros
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FObFVar|introl]: (FVar z) € fob-term
FObBVarlintrol]: (BVar z) € fob-term
FObConstlintro!]: (Const c) € fob-term
FObLam[intro!]: [ T € fob-type; e € fob-term | =
(Lam 7 €) € fob-term
FObApplintro!]: [ e1 € fob-term; ez € fob-term | =
(App e1 e2) € fob-term
FObObj[introl]: [ ms € fob-methods; T € fob-type | => Obj ms T € fob-term
FObSel[introl]: e € fob-term = Invoke e | € fob-term
FObUpd[introl]: [ e € fob-term; m € fob-method | = Update e m € fob-term

FObMtd[intro!]: e € fob-term = Method | e € fob-method

FObNil[introl]: || € fob-methods

FObCons[intro!]: [ m € fob-method; ms € fob-methods |
= m#ms € fob-methods

inductive-cases fob-lam-inv[elim!]: \:7. e € fob-term
inductive-cases fob-app-inv[elim!]: App e e’ € fob-term
inductive-cases fob-obj-inv[elim!]: Obj ms T € fob-term
inductive-cases fob-cast-inv[elim!]: Cast e s t € fob-term
inductive-cases fob-sel-inv[elim!]: Invoke e | € fob-term
inductive-cases fob-upd-inv[elim!]: Update e m € fob-term
inductive-cases fob-obj-inv[elim!]: Obj ms T € fob-term
inductive-cases fob-mtd-inv[elim!]: Method | e € fob-method
inductive-cases fob-nil-inv[elim!]: [| € fob-methods
inductive-cases fob-cons-inv[elim!]: m#ms € fob-methods

lemma fob-subst: e € fob-term = {i—FVar z}e € fob-term
sorry

lemma consistent-fob-eq-impl:
(o0 ~ 7 — o € fob-type \ T € fob-type — o = T)
A (st — s € fob-sig A\ t € fob-sig — s = t)
A (ss = tt — ss € fob-sigs A tt € fob-sigs — ss = it)
apply (induct rule: consistent-consistent-sig-consistent-sigs.induct)

apply force apply force apply force apply force apply force apply force
apply force apply clarify apply blast done

lemma consistent-fob-eq:
T~ 71 = 7 € fob-type A 7' € fob-type — T =T’
using consistent-fob-eq-impl by blast

lemma consistent-fob-noteq:
o ~T=>0 € fob-type N 0 # 17 — T ¢& fob-type
using consistent-fob-eq by blast

lemma restrict-fob-impl:
(VY 7. 0 € fob-type A\ T € fob-type — o|T =0 A T|lo = T)
A (V t. s € fob-sig A t € fob-sig — s|t = s A tls =t)
A (V tt. ss € fob-sigs A it € fob-sigs — ss||tt = ss A tt||ss = tt)

28



apply (induct rule: ty-sig.induct)
apply clarify apply (case-tac ) apply force apply force apply force apply force
apply force apply force
apply clarify apply (case-tac ) apply force apply force apply force apply force
apply force apply force
apply clarify apply (case-tac ) apply force apply force apply force apply force
apply force apply force
apply clarify apply (case-tac ) apply force apply force apply force apply force
apply force apply force
apply clarify apply (case-tac ) apply force apply force apply force apply force
apply force apply force
apply force
apply clarify apply (case-tac t) apply simp apply clarify apply simp
apply clarify apply (case-tac tt) apply simp apply simp
apply clarify apply (case-tac tt) apply simp
apply clarify apply (erule-tac z=a in allE) apply (erule-tac z=lista in allE)
apply (erule impE) apply simp apply (erule impE) apply simp
apply clarify sorry

lemma restrict-fob:
[ o € fob-type; T € fob-type | = o|T = 0o
using restrict-fob-impl by blast

lemma subcon-fob-sub:
[T < 7557 € fob-type; 7' € fob-type | = 7 <: 7’
using restrict-fob subcons-def by force

lemma lookup-fob: [ ss € fob-sigs; lookup-sig ss | = just (Sigl 7) | = 7 € fob-type
sorry

lemma merge-fob:
[ o € fob-type; T € fob-type | = o — T = o sorry

lemma merge-fob-neq:
[ o € fob-type; T € fob-type; o # o ~— 7 ]| = False
using merge-fob by auto

lemma gradual-soundness-fob-impl:
Thrge:T—
e € fob-term N YV z 7. T © = just 7 — 7 € fob-type) —
T'ke:7 AT € fob-type)
ANTkFegm:sinT —
m € fob-method N T € fob-type N (¥ = 7. T © = just T — 7 € fob-type) —
T'km:sinT A s € fob-sig)
AT Fg ms:ssinT —
ms € fob-methods A T € fob-type A (VY z 7. T z = just 7 — 7 € fob-type) —
'k ms::ssin T A ss € fob-sigs)
isCkFge:7T— PTer)AN(CFegm:sinT — ?PM T ms7) A (g ms
mssin T — 2PST msssT))
apply (induct rule: gt-gtm-gtms.induct)

29



using wte-var apply blast
apply clarify apply (rule conjl) apply (rule wte-const)
apply (case-tac c¢) apply force apply force apply force apply force
apply force
apply clarify
apply (rule conjI)
apply (rule wte-abs) apply simp
apply clarify apply (erule-tac z=z in allE) apply (erule impE)
apply simp apply (erule conjE)+
apply (erule impE) apply (rule conjI)
apply (rule fob-subst) apply simp
apply (rule alll)+ apply (rule impI)
apply (erule-tac z=za in allE) apply (erule-tac z=7"1in allE)
apply (case-tac x = za) apply simp apply simp
apply (rule conjI) apply (erule conjE) apply assumption apply assumption
apply (erule-tac z=Suc (setmaz L) in allE)
apply (erule impFE) apply (rule maz-is-fresh) apply simp
apply (erule conjE)+ apply (erule impE) apply (rule conjI) apply (rule fob-subst)
apply simp
apply (rule alll )+ apply (rule impl) apply (case-tac © = Suc (setmaz L)) apply
stmp apply simp apply blast
apply force
apply clarify apply (rule conjl) apply (rule wte-app) apply force apply (erule
impE) apply blast
apply (erule impE) apply blast apply (erule conjE)+ apply (frule subcon-fob-sub)
apply simp
apply force apply (rule wte-sub) apply simp apply simp apply force
apply force
apply force
apply clarify apply (erule impE) apply force apply (rule conjl) apply (rule
wte-sel) apply blast
apply simp apply clarify apply (rule lookup-fob) apply simp apply simp
apply force
defer
apply clarify apply (erule impE) apply blast apply (rule conjl) apply (rule
wte-obj) apply simp apply force
defer
apply clarify apply (rule conjl) apply (rule wt-nil) apply force
apply clarify apply (rule congl) apply (rule wt-cons) apply simp apply simp
apply simp apply blast
apply clarify apply (rule congI)
apply (erule impE) apply blast apply clarify
apply (erule impE) apply blast
apply (case-tac m) apply (cases rule: wtm.cases) apply force
apply simp apply (rule wte-upd) apply simp apply (rule wt-mtd)
apply simp apply simp apply simp apply simp
apply clarify apply (rule congl)
apply (erule impE) apply blast
apply (rule wt-mtd) apply (frule subcon-fob-sub) apply force apply force apply
(rule wte-sub)

Py
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apply force apply force apply simp apply force
done

lemma gradual-soundness-fob:
[TFge:T;ec€ fob-term;V z 7. T & = just 1 —> 7 € fob-type | =
I'kFe:7 AT € fob-type
using gradual-soundness-fob-impl by simp

lemma subst-eq: {i—FVar z}e = {i—FVar z}e’ = e¢ = e’ sorry
inductive-cases wi-mtd-inv: T' - (Method L e) : (Sig | o) in ss

lemma compile-soundness-fob-impl:
Tre=e 17—
e € fob-term AN (Y z 7. T z = just T — 7 € fob-type) —
T'ke:7 AT E fob-type A e = e)
ACFm=m':sinT —
m € fob-method N T € fob-type N (¥ z 7. T z = just 7 — 7 € fob-type) —
T'kFm:sinTAs € fob-sig A m =m’)
ATFms=ms :ssinT —
ms € fob-methods A T € fob-type A (V = 7. T z = just 7 — 7 € fob-type) —
'k ms ::ssin T A ss € fob-sigs A ms = ms’)
(isCTre=e:7— ?PTee'n)ANCFm=m':sinT— ?PM T mm's
T)A (T F ms = ms ::ssinT— ?PST msms' ssT))
apply (induct rule: compile-cm-cms.induct)
using wte-var apply blast
apply clarify apply (rule conjI) apply (rule wte-const)
apply (case-tac c¢) apply force apply force apply force apply force
apply force
apply clarify
apply (rule conjl)
apply (rule wte-abs) apply simp
apply clarify apply (erule-tac =z in allE) apply (erule impFE)
apply simp apply (erule conjE)+
apply (erule impE) apply (rule conjI)
apply (rule fob-subst) apply simp
apply (rule alll)+ apply (rule impI)
apply (erule-tac z=za in allE) apply (erule-tac z=7"1in allE)
apply (case-tac © = za) apply simp apply simp
apply (rule conjI) apply (erule conjE) apply assumption apply assumption
apply (erule-tac z=Suc (setmaz L) in allE)
apply (erule impE) apply (rule maz-is-fresh) apply simp
apply (erule conjE)+ apply (erule impE) apply (rule conjl) apply (rule fob-subst)
apply simp
apply (rule alll)+ apply (rule impl) apply (case-tac x = Suc (setmaz L)) apply
stmp apply simp
apply (rule conjI) apply blast
apply (erule conjE)+ apply (frule subst-eq) apply simp
apply force

o~ —~ —
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apply clarify apply (rule conjl) apply (rule wte-app) apply force apply (erule
1mpE) apply blast
apply (erule impE) apply blast apply (erule conjE)+ apply (frule subcon-fob-sub)
apply simp
apply force apply (rule wte-sub) apply simp apply simp apply (rule conjl)
apply force
apply (erule impE) apply blast apply (erule impE) apply blast apply (erule
conjE)+
apply simp
apply (simp add: mcast-def) apply clarify
using merge-fob apply force
apply force
apply force
apply clarify apply (erule impE) apply force apply (rule conjl) apply (rule
wte-sel) apply blast
apply simp apply clarify apply (rule congI) apply (rule lookup-fob) apply simp
apply simp apply simp
apply force
defer
apply clarify apply (erule impE) apply blast apply (rule conjl) apply (rule
wte-obj) apply simp apply force
apply (rule conyI) apply force apply simp
defer
apply clarify apply (rule conjl) apply (rule wt-nil) apply force
apply clarify apply (rule conjl) apply (rule wt-cons) apply blast apply blast
apply (rule conjl) apply blast
apply simp
apply clarify apply (erule impE) apply blast apply clarify
apply (erule impE) apply blast apply (rule conjl)
apply (rule wte-upd) apply simp apply simp apply (rule wt-mtd)
apply force apply simp apply simp apply (rule conjl) apply force
apply (simp add: mcast-def) apply clarify using merge-fob apply force
apply clarify apply (erule impE) apply blast
apply (rule conjl) apply (rule wt-mtd) apply (frule subcon-fob-sub) apply force
apply force
apply (rule wte-sub) apply force apply force apply simp apply (rule conjl)
apply force
apply (simp add: mcast-def) apply clarify
proof —
fixI'oTee lss
assume ss: ss € fob-sigs and s: o € fob-type and sss: 0 # o — ObjT ss
from ss have ObjT ss € fob-type by auto
with sss s merge-fob have False by auto
thus ¢’ = Cast ¢’ (60 — 7) ((0 — ObjT ss) — ) by simp
qed

lemma compile-soundness-fob:
[Tre=e':7;ec€ fob-term;V z 7. T x = just T — 7 € fob-type | =
Pre:7ATE fob-type A e = €’
using compile-soundness-fob-impl by simp
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8 The Substitution Lemma
8.1 Lemmas About Substitution

lemma bsubst-cross-all:
(Vijuv.i#j A {imup({j—vle) = {i—v}le — {i—u}e =¢)
ANV tjuv. i#j AN {i—u}{ji—vim) = {ji—»vim —
{i:—=u} m = m)
ANV ijuv.i#jAN {iz—u}{jovims) = {ju>v}ims —
{iz:—u}ms = ms)
apply (induct rule: expr-method.induct)
apply force
apply force
apply force
apply clarify
apply (erule-tac z=Suc i in allE)
apply (erule-tac z=Suc j in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=v in allE)
apply simp
apply clarify
apply (erule-tac x=i in allE)
apply (erule-tac z=i in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply simp apply blast
apply clarify
apply (erule-tac x=i in allE)
apply (erule-tac z=j in allFE)
apply simp apply blast
apply clarify
apply (erule-tac x=i in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=v in allE)
apply simp
apply clarify
apply (erule-tac x=1 in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=v in allE)
apply simp
apply clarify
apply (erule-tac x=i in allE)
apply (erule-tac x=i in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=v in allFE)

Py
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apply (erule-tac z=v in allE)
apply simp

apply clarify
apply (erule-tac z=i in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=v in allE)
apply simp

apply clarify apply simp

apply clarify
apply (erule-tac z=i in allF)
apply (erule-tac x=i in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply (erule-tac x=u in allE
apply (erule-tac x=u in allE
apply (erule-tac z=v in ollFE
apply (erule-tac z=v in allE
apply simp

done

Py
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lemma bsubst-cross|rule-format):
(Vijuv.i#jA {imu}({j—vle) = {jovle — {i—ule =¢)
using bsubst-cross-all apply blast done

lemma finite-env-update: finite-env I' = finite-env (T'(z—T))
by (simp add: finite-env-def)

lemma bsubst-wt-all:
(Tke: 17— finitecenv T — (¥ ke'. {k—e'fe = ¢))
ATkFm:o0im A— finiteeenv T — (V k e’. bsubstm k e’ m = m))
A (T F ms :: msigs in A" — finite-env T — (¥ k e'. bsubsts k e’ ms = ms))
apply (induct rule: wte-wtm-wtms.induct)
apply force
apply force
apply clarify apply (simp del: fun-upd-apply)
apply (erule-tac z=Suc (setmaz L) in allE)
apply (erule impFE)
apply (rule maz-is-fresh) apply simp
apply (erule conjE)+
apply (erule impE) apply (rule finite-env-update) apply assumption
apply (erule-tac x=Suc k in allE)
apply (erule-tac z=e¢' in allFE)
apply (rule bsubst-cross) apply blast
apply force
apply force
apply force
apply force
apply clarify
apply (erule-tac z=k in allE)

Py
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apply (erule-tac z=Fk in allE)
apply (erule-tac z=e’ in allE)
apply (erule-tac z=e' in allE)
apply simp

apply clarify
apply (erule-tac z=k in allE)
apply (erule-tac z=e' in allFE)
apply simp

apply clarify
apply (erule-tac z=Fk in allE)
apply (erule-tac z=e’ in allE)
apply simp

apply force

apply force
done

lemma bsubst-wt:
[TFe:T; finiteeenv T' | = {k—e'le = ¢
using bsubst-wt-all by blast

lemma subst-permute-impl[rule-format]:
(VijzzTlre. x#2ATFe 1A finite-env T
— [z—e|({j—FVar z}e) = {j— FVar z}([z—e’le))
AV jzzTre . z2#2ATFe 1A finite-env T
— [zi—=e|({j:—FVar z}m) = {j:— FVar z}([z:—e'lm))
ANV ijozzTre 24 2ATFe 7 A finite-env T
— [zu—e|({jii—=FVar 2}ms) = {j::— FVar z}([z::—e'Ims))
apply (induct rule: expr-method.induct)
apply force
apply simp apply clarify
using bsubst-wt apply force
apply simp
apply simp apply clarify apply blast
apply simp apply clarify
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply (erule-tac x=z in allE
apply (erule-tac x=xz in allE
apply (erule-tac x=z in allEl
apply (erule-tac z=z in allE
apply (erule-tac x=I" in allE
apply (erule-tac z=I" in allE
apply blast
apply simp
apply simp
apply simp
apply simp apply clarify
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=z in allE)

o~ o~ —
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)
)
)
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erule-tac z=xz in allF
apply (erule-tac z=z in allE

apply )
)
apply (erule-tac x=z in allE)
)
)

o~~~ —

apply (erule-tac x=I" in allE
apply (erule-tac z=T" in allE
apply blast
apply simp
apply simp
apply simp apply clarify
apply (erule-tac z=j in allE)
apply (erule-tac z=j in allE)
apply (erule-tac z=z in allE)
apply (erule-tac z=x in allFE)
apply (erule-tac z=z in allE)
apply (erule-tac x=z in allE)
)
)

Py

apply (erule-tac z=T" in allE
apply (erule-tac z=T" in allE
apply blast

done

lemma subst-permute:
[z +# 2 TFe':r; finite-env T |
= {j— FVar z}([z—e’le) = [z—e'|({j—FVar z}e)
using subst-permute-impl[of e Method | e [|] apply simp
apply (erule-tac z=j in allFE)
apply (erule-tac z=z in allE)
apply (erule-tac x=z in allE)
apply (erule-tac z=I" in allF)
apply (erule-tac z=7 in allE)
apply (erule-tac z=e' in allF)
apply force
done

lemma decompose-subst-impl:
Vuziz¢ FVe— {ioute =[z—u]({i—FVar z}e))
ANV uzi.z ¢ FVmm — {i:—u}m = [z:—u|({i:—=FVar z}m))
ANV uzi.z ¢ FVs ms — {in—u}ms = [z—u]({iz—FVar z}ms))
apply (induct rule: expr-method.induct)
apply force
apply force
apply force
apply clarify
apply (erule-tac x=u in allE)
apply (erule-tac z=z in allE)
apply (erule-tac z=Suc i in allE)
apply simp
apply force
apply clarify
apply (erule-tac x=u in allE)
apply (erule-tac z=z in allE)
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apply (erule-tac z=i in allE)
apply simp

apply clarify
apply (erule-tac z=u in allE)
apply (erule-tac z=z in allE)
apply (erule-tac x=i in allE)
apply simp

apply clarify
apply (erule-tac z=u in allE)
apply (erule-tac z=z in allE)
apply (erule-tac z=i in allF)
apply simp

apply simp

apply clarify
apply (erule-tac z=u in allE)
apply (erule-tac z=x in allFE)
apply (erule-tac z=i in allF)
apply simp

apply simp

apply clarify
apply (erule-tac z=u in allE)
apply (erule-tac z=u in allE)
apply (erule-tac z=z in allE)
apply (erule-tac z=z in allE)
apply (erule-tac z=i in allE)
apply (erule-tac z=i in allE)
apply simp

done

o~ —~ —

lemma decompose-subst|rule-format]:
Vuzizé¢ FVe— {ioute = [z—u]({i—FVar z}e))
using decompose-subst-impl by blast

8.2 Lammas About Environments

constdefs subseteq :: env = env = bool (infixl C 80)
rcr'=vVaezr.lz=S8mer — I''z= Somer

lemma env-weakening-impl:
Tke:7— (VT.T CT'A finite-env T — T'' e : 7))
ACkFm:0mA— (VT'.T CT'A finiteeenv I' — T/ m : 0 in A))
AT Fms:osin A — (VY T.T CT'A finite-env T — T/ ms :: gs in A'))
apply (induct rule: wte-wtm-wtms.induct)
using subseteq-def wte-var apply blast
using wte-const apply blast
defer
using wte-app apply blast
using wte-sub apply blast
using wte-cast apply blast
using wte-sel apply blast
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using wte-upd apply blast
using wte-obj apply blast
using wt-mtd apply blast
using wt-nil apply blast
using wt-cons apply blast
apply (rule alll) apply (rule impI)
proof —
fix LT oTel’
assume fL: finite L
and [H:Vz.z ¢ L —
(T'(z—0) F {0—=FVar z}e : 7 A
(VI T(z—0c) CT'A finite-env T' — T'' = {0—FVar z}e : 7)) Az ¢ dom T
and GGP: ' CT' A finite-env T/
let 2L = L U dom T’
from GGP have finite (dom T'’) using finite-env-def by auto
with fL have fL2: finite L by auto
{ fix z assume zL: z ¢ ?L
from GGP have zGzGP: I'(z—0c) C T'(z—0) using subseteg-def by auto
from GGP have fGP: finite-env (I''(z+—0)) using finite-env-def by auto
from zL fGP IH zGzGP have I''(z—0c) - {0—FVar z}e : 7 A ¢ dom T’ by
blast
} hence X:V z.z ¢ ?L — T'(z—0) - {0—FVarz}e : 7 Az ¢ dom '’ by blast
from fL2 X show I''F (\ig. €) : 0 — 7 by (rule wte-abs)
qed

lemma env-weakening:
[Tre:7m; T CTY; finiteeenv T''] = T'Fe: 7
using env-weakening-impl by blast

8.3 Main Lemma

lemma substitution-impl:
(T'kel :7— T z = Some o A finite-env I' —
(V T finite-env T' AT — 2z CT/AT' Fe2:0 —
Ik [z—e2]el : 1))
(TkFm:sigin A— T z = Some o A finite-env T' —
(V T finite-env T' AT — 2z CT'AT' Fe2:0 —
Ik [z:—e2]m : sig in A))
AT+ ms:: sigsin A’ — T' x = Some o A finite-env I' —
(V T finite-env T" AT —z CT'AT' Fe2:0 —
I+ [z::—e2]ms :: sigs in A'))
apply (induct rule : wte-wtm-wims.induct)
apply (case-tac © = za) apply simp
apply clarify apply (simp only: remove-bind-def)
apply (erule-tac t=za in allE) apply simp apply (rule wte-var) apply assumption
using wte-const apply force
defer
apply clarify apply simp apply (rule wte-app) apply blast apply blast
apply clarify apply simp apply (rule wte-sub) apply blast apply blast
apply clarify apply simp apply (rule wte-cast) apply blast apply blast apply

A
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blast
apply clarify apply simp apply (rule wte-sel) apply blast apply blast
apply clarify apply simp apply (rule wte-upd) apply blast apply blast
apply blast
apply clarify apply simp apply
apply clarify apply simp apply
apply clarify apply simp apply
apply clarify apply simp apply
proof clarify
fix L::nat set and I'::env and o”:ty and 7 e T’
assume fL: finite L
and IH: Vza. za ¢ L —
(T(za — o') = {0—FVar za}e : T A
((T(za — ¢")) z = Some o A finite-env (I'(za — o')) —
(VI finite-env T’ AT(za —0’) — 2 CT'AT' Fe2 :0 —
'+ [z—e2]({0—FVar za}e) : 7))) A
za ¢ dom T’
and zG: T =z = Some o and fG: finite-env T’
and fGP: finite-env ' and GzG: T' — z C I and wte2: T'' - e2 : o
let ?L = insert x (L U dom T U dom T')
from fL fG fGP have fL2: finite ?L using finite-env-def by auto
show I'' - [z—e2](\io’. €)1 0’ — T
apply simp apply (rule wte-abs|[of ?L))
using fL2 apply simp apply (rule alll) apply (rule impl) apply (rule conjI)
defer apply simp
proof —
fix z’ assume zL: z' ¢ ?L
let ?G = I'(z'—0’)
let ?GP =T''(z'—0’)
note zL
moreover from zG zL have ?G © = Some o by auto
moreover from fG have finite-env ?G using finite-env-def by auto
moreover from fGP have fGP2: finite-env ?GP using finite-env-def by auto
moreover from GzG have ?G — x C ?GP using remove-bind-def by auto
moreover have wte2: /GP F e2 : o
proof —
from zI have GPGP: I'' C ?GP using subseteg-def by auto
from wte2 GPGP fGP2 show f?thesis using env-weakening by blast
qed
moreover note [H
ultimately have wte: ?GP + [z—e2]({0—FVar z'}e) : 7 by blast

rule wte-obj) apply blast

rule wt-mtd) apply blast apply blast
rule wt-nil)

rule wt-cons) apply blast apply blast

~ N~

from zL have zpz: ' # z by auto
from xpz wie2 fGP2 have {0—FVar z'}([z—e2]e) = [z—e2]({0—FVar z'}e)
by (rule subst-permute)

with wte have wteb: ?GP + {0—FVar z'}([x—e2]e) : T by simp
from zL have zGP: z' ¢ dom T'' by auto
from wteb TGP show ?GP + {0—FVar z'}([z—e2]e) : T

by blast
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qed
qed

lemma substitution:
[TF e :7; T x = Some o; finite-env T; finite-env T; T — 2 CT 5T/ Fex: o]
= T'F [z—eser: T
using substitution-impl apply blast done

9 Type Safety

9.1 Canonical Forms

lemma canonical-form-simple-dyn-impl[rule-format]:

Thrv:7—T=-empty A7 =2 A SimpleValues v — False)

AT Fm:o0inA— True)

AT+ ms:osin A" — True)

apply (induct rule: wte-wtm-witms.induct)

apply force apply (case-tac ¢) apply force apply force apply force apply force
apply force

apply force apply force

apply (cases rule: subtype.cases) apply force apply force apply force apply force

apply force apply force apply force apply force

apply force apply force apply force apply force apply force apply force apply
force

done

lemma canonical-form-simple-dyn:
[ empty - v : 2; SimpleValues v | = False
using canonical-form-simple-dyn-impl by blast

lemma canonical-form-int-impl:
Tre:T—7=IT A Values e ANT' = empty — (3 n. e = Const (IntC n)))
ATFm:0oin A — True)
AT+ ms:osin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply force
apply (case-tac c) apply force apply force apply force apply force apply force
apply force apply force
apply clarify apply (cases rule: subtype.cases) apply force apply force apply
force
apply force apply force apply force apply force apply force
apply simp apply clarify
apply (rule canonical-form-simple-dyn) apply simp apply auto
apply (cases rule: consistent.cases) apply auto
done

lemma canonical-form-int:

[ empty b e : IntT; Values e | = 3 n. e = Const (IntC n)
using canonical-form-int-impl by simp
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lemma simple-implies-value[simp]: Simple Values v = Values v
apply (cases v) by auto

lemma canonical-form-simple-fun-impl:
TkFwv:st — T = empty A SimpleValues v —>
NMVor.st=0—7—
(Fo'ev=Xxo"e)V (3 c. v= Constc)))
AT Fm:sinA— True)
A (T + ms:: ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply force apply force apply force apply force
apply clarify apply simp
apply (frule sub-fun-right-inv) apply (erule ezE)+
apply simp
apply simp apply simp apply simp apply simp apply simp apply simp apply
stmp
done

lemma canonical-form-simple-fun:
[ empty v : 0 — 7; SimpleValues v ]| =
(Fo'ev=Xo"e)V (3 c. v= Constc)
using canonical-form-simple-fun-impl by blast

lemma canonical-form-fun-impl:
Throv:st— Vort.st =(c—7) AT = empty A Values v —
Fo'ev=>Xo'e)V (3 c v= Constc)
VEo t'vov.v=0v{c"-7" = p—1))))
AT Em:sinA— True)
A (T F ms::ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply force apply force apply force apply force
apply clarify apply (frule sub-fun-right-inv) apply (erule exE)+
apply simp
apply (rule alll)+ apply (rule impI) apply (erule conjE)
apply (cases rule: consistent.cases)
apply simp apply simp apply simp apply simp
defer apply simp+
using canonical-form-simple-dyn apply blast
done

lemma canonical-form-fun:
assumes witf: empty - v : 0 — T
and v: Values v
shows (3 o’ e. v = Xo’. e) V (3 c. v = Const c)
VEo v ov. v =0 (o= = o0—v))
using witf v canonical-form-fun-impl by simp

lemma canonical-form-obj-impl:
TrFov:ot — (V ss. ot = ObjT ss AT = empty A Values v —
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(3 msT.v=00bmsT)V (3 msTrrit. v=(0bj ms1)(ObjT rr = ObjT
t))))

AT Fm:sinA— True)
A (T + ms:: ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply force
apply (case-tac c) apply simp apply simp apply simp apply simp apply simp
apply simp apply simp
apply clarify apply (frule sub-obj-right-inv) apply (erule exE)+

apply simp
defer
apply simp apply simp apply simp apply simp apply simp apply simp
apply (rule alll) apply (rule impI) apply (erule conjE)

apply (cases rule: consistent.cases) apply simp-+

using canonical-form-simple-dyn apply blast

apply auto
done

lemma canonical-form-obj:

[ empty - v : ObjT ss; Values v |

= @ ms7.v=0>bmsT)V (3 msTrrtt. v=(0bj msT)(ObT rr = ObjT
tt))

using canonical-form-obj-impl by blast

9.2 Delta Typability

lemma delta-typability:
assumes tc: TypeOf c = 7' — 7
and vt: empty - v : 7" and vv: Values v
shows 3 v’. § cv = Some v’ A empty - v’ : T
using tc vt vv apply (cases c) apply simp apply simp apply simp
proof —
assume tc: TypeOf ¢ = 7' — 7 and vt: empty - v : 7’
and vv: Values v and c¢: ¢ = Succ
from c tc have st: 7' = IntT A 7 = IntT by simp
from st vt vv obtain n where v: v = Const (IntC n)
apply simp using canonical-form-int by blast
let ?VP = Const (IntC (n + 1))
have wtup: empty - VP : IntT
using wte-const[of empty IntC' (n + 1)] by auto
from ¢ v have d: § ¢ v = Some ?VP by simp
from d wtvp st show ?thesis by simp
next
assume tc: TypeOf ¢ = 7' — 7 and vt: empty - v : 7’
and vv: Values v and c¢: ¢ = IsZero
from c tc have st: 7' = IntT A 7 = BoolT by simp
from st vt vv obtain n where v: v = Const (IntC n)
apply simp using canonical-form-int by blast
let VP = Const (BoolC (n = 0))
have wtvp: empty = VP : BoolT
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using wte-const[of empty BoolC (n = 0)] by auto
from ¢ v have d: § ¢ v = Some ?VP by simp
from d wtvp st show ?thesis by simp
qed

9.3 Some Inversion Lemmas

lemma wte-lambda-inv-impl:
ke :7"—NVoo'er.e'=Xo’ . enT' =0 >17—
oc<:0'AN@ L finite LA Vz. 2 ¢ L — T(z — o) F {0—=FVar z}e : 7))))
AT Fm:oin A — True)
A (T F ms:osin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply simp apply simp
apply clarify apply (rule conjl) using subtype-reflexive apply blast
apply (rule-tac z=L in ezl) apply clarify
apply (erule-tac x=z in allE) apply (erule impE) apply simp
apply (erule conjE)+ apply assumption
apply simp apply simp
apply clarify apply (rule conjl) apply (cases rule: subtype.cases) apply force
apply force apply force apply force apply force
apply (rule subtype-trans) apply force apply force apply force apply force
apply (frule sub-fun-right-inv)
apply (erule exE)+
apply (erule-tac z=s1 in allE)
apply (erule-tac z=c'a in allE)
apply (erule-tac z=ea in allE)
apply (erule-tac x=s2 in allE)
apply clarify apply (erule impE) apply simp
apply (erule conjE) apply (erule ezE) apply (erule conjE)
apply (rule-tac =L in ezl) apply (rule conjl) apply simp
apply clarify apply (erule-tac z=z in allE) apply clarify
apply (rule wte-sub) apply simp
apply simp
apply simp apply simp apply simp apply simp apply simp apply simp apply
simp
done

lemma wte-lambda-inv:
F'ke:i7"= NVoo'er.e'=Xo’enT'=0—>7—
c<:o'AN@ L finte LA Vz. 2 ¢ L — T(z — o) - {0—=FVar z}e : 7)))
using wte-lambda-inv-impl by force

lemma wte-cast-inv-impl[rule-format]:
Tke:7— (V eo.
e'=¢elo=ty — 1 <<TANo~T ' ANoET ATk e:0))
AT Fm:oin A — True)
A (T F ms:osin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply force apply force apply force apply force
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apply clarify apply (erule-tac z=ea in allE)
apply (erule-tac z=c’ in allE) apply simp apply (rule subtype-trans)
apply blast apply simp
apply force apply force apply force apply force apply force apply force apply
force
done

lemma wte-cast-inv:
Frelo=rhiT=71'<<7TAhNo~17'ANo#7T' ATke:o
using wte-cast-inv-impl by blast

lemma wte-const-inv-impl:
ke :T—Nocr.e/=ConstcNT=0—>717—
3 o' 7. TypeOfc =0’ - 17" No <0’ ANT' <: 7))
AT Fm:o0inA— True)
A (T + ms:osin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply simp+
apply clarify
apply (frule sub-fun-right-inv) apply (erule exE)+
apply clarify
apply (erule-tac z=s1 in allF)
apply (erule-tac z=c in allE)
apply (erule-tac z=s2 in allE)
apply simp
apply (erule exE)+
apply (rule-tac z=c'a in ezl)
apply (rule-tac z=7"a in exl)
apply clarify apply (rule congl)
apply (rule subtype-trans) apply simp+
apply (rule subtype-trans) apply simp+
done

lemma wte-const-inv:
F'kte':T= NVocr.e'=Constc ANT=0—717—
F o' 7. TypeOf c=c'— 7' No <o’ AT/ < 7))
using wte-const-inv-impl apply force done

lemma wte-obj-inv-impl:
Tke' :7"— (VY msss.e' = 0bjms 7 A" = ObjT ss —
(3 tt. 7= 0bjT tt N tt <:: ss AT F ms =2 it in ObjT tt)))
AT Fm:sin A— True)
A (T F ms::ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply simp apply simp apply simp apply simp
apply clarify
apply (frule sub-obj-right-inv)
apply (erule exE) apply (erule conjE)
apply (erule-tac x=ms in allE)
apply (erule-tac x=ssa in allE)
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apply simp apply clarify
apply (rule-tac x=tt in exl) apply simp
apply (rule sub-sigs-trans) apply force apply force
apply simp apply simp apply simp apply simp apply force apply simp apply
simp apply simp
done

lemma wte-obj-inv:
'+ Obj ms 7 : ObjT ss =
(3 tt. 7 = ObT tt A tt <:: ss AT ms =2 ttin ObjT tt)
using wte-obj-inv-impl by blast

9.4 Some Properties of Objects

lemma lookup-wtm-impl:
(T'k e : 7" — True)
AT Fm:sin A— mname m = ms-name s)
A (T F ms :: ssin ObjT ss —
lookup ms | = Some (Method | b) —
(3 7. T F (Method 1 b) : (Sigl T) in ObjT ss))
apply (induct rule: wte-wtm-wtms.induct)
apply simp apply simp apply simp apply simp apply simp apply simp
apply simp apply simp apply simp
apply (simp add: mname-def ms-name-def) apply simp
apply (rule impI)
apply (case-tac m) apply simp
apply (case-tac s) apply simp
apply (simp add: mname-def ms-name-def)
apply (case-tac | = mname m)
apply (simp add: mname-def)
apply (rule-tac z=ty in exl)
apply simp
apply (simp add: mname-def)
done

lemma lookup-wtm:
[T F ms:: ssin ObT ss; lookup ms | = Some (Method 1 b) ]
= 3 7. F (Method 1 b) : (Sigl 7) in ObjT ss
using lookup-wtm-impl by blast

inductive-cases wtm-inv:
I - (Method 1 b) : (Sigl 7) in ObjT ss

lemma replace-wt-impl:
(T'k e : 7" — True)
A Fm:sin A— mname m = ms-name s)
AT Fms:ssinT — (Y msigsm o.
L'k m:oin T A lookup-sig ss (mname m) = Some o
— I'  replace ms m :: ss in 7))
apply (induct rule: wte-wtm-wtms.induct)
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apply simp apply simp apply simp apply simp apply simp apply simp
apply simp apply simp apply simp
apply (simp add: mname-def ms-name-def)
apply simp
apply clarify
apply (case-tac mname m = mname ma)
apply simp
apply (rule wt-cons)
apply (simp add: mname-def ms-name-def)
apply (erule-tac z=m in allE)
apply blast
apply simp
apply (rule wt-cons)
apply simp
apply (erule-tac z=ma in allE)
apply simp
done

lemma replace-wt:
[TFms:ssint;TFm:sinT; lookup-sig ss (mname m) = Some s |
= I' - replace ms m :: ssin T
using replace-wt-impl by simp

lemma method-sig-name:
T'Fm:sin A= mname m = ms-name s
using replace-wt-impl by simp

lemma lookup-name-result|[rule-format]:
V 1 0. lookup-sig msigs | = Some s — ms-name s =1
apply (induct msigs)
apply force apply force apply force apply force apply force
apply force apply force apply force apply (simp add: ms-name-def)
done

lemma sub-obj-left-inv:
ObjT ss <: 7= 3 tt. 7 = ObjT tt N ss <:: it
apply (cases rule: subtype.cases) by auto

lemma lookup-sub-impl:
(o0 <: 7 — True)
A (s 2t — True)
A (ss <:: msigs — (V 1 s. lookup-sig msigs | = Some s — lookup-sig ss | = Some
5))
apply (induct rule: subtype-subtype-sig-subtype-sigs.induct)
apply force apply force apply force apply force apply force apply force
apply force apply force apply force
apply clarify
apply (cases rule: subtype-sig.cases) apply simp
apply simp apply force
apply clarify
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apply (erule-tac z=[ in allE') apply (erule-tac z=sa in allE)

apply clarify
sorry

lemma lookup-sub:
[ ss <:: tt; lookup-sig tt | = Some s | => lookup-sig ss Il = Some s
using lookup-sub-impl by blast

lemma method-subsumption-impl:
TkFe:o— True)
ACkFEmMm:sinec — 7<:0—TkFm:sinT)
ACEFms:ssino — 17<:0—TFms:ssinT)
apply (induct rule: wte-wtm-wtms.induct)
apply simp-all
apply clarify
apply (frule sub-obj-right-inv) apply (erule exzE) apply clarify
apply (rule wt-mid)
apply (rule wte-sub) apply simp apply force
using lookup-sub apply blast
apply clarify apply (rule wt-nil)
apply clarify
apply (rule wt-cons)
apply simp
apply simp
done

lemma method-subsumption:
[TFm:simo;7<:o]=TkFm:sinT
using method-subsumption-impl by blast

lemma methods-subsumption:
[TEFms:ssino;7<:0] =T+ ms:ssinT
using method-subsumption-impl by blast

lemma lookup-sig-implies-lookup-impl:
Tk e: 17— True)
A(Em:sin A — mname m = ms-name s)
A (I'F ms :: ssin A — lookup-sig ss | = Some (Sig | T)
— (3 b. lookup ms | = Some (Method 1 b)))
apply (induct rule: wte-wtm-wtms.induct)
apply simp apply simp apply simp apply simp apply simp apply simp apply
simp
apply simp apply simp apply (simp add: mname-def ms-name-def) apply simp
apply clarify
apply (case-tac m)
apply (case-tac s)
apply (case-tac | = nat)
apply (simp add: mname-def ms-name-def)
apply (erule impFE)
apply (simp add: mname-def ms-name-def)
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apply (erule ezE)
apply (simp add: mname-def ms-name-def)
done

lemma lookup-sig-implies-lookup:
[T F ms :: ssin A; lookup-sig ss | = Some (Sig 1 7) ]
= (3 b. lookup ms | = Some (Method 1 b))
using lookup-sig-implies-lookup-impl by blast

9.5 Subject Reduction

inductive-cases app-reduce: App el e2 —— e’
inductive-cases cast-reduce: e{(o=7) —— e’

lemma subject-reduction-impl:
Trke:7T—T=emplyhe—¢e — empty e’ :7)
AT Fm:oin A — True)
AT+ ms:osin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply simp-all
apply force
apply clarify apply (cases rule: reduces.cases) apply simp+
apply clarify apply (cases rule: reduces.cases) apply simp+
apply clarify defer
apply clarify apply simp apply (rule wte-sub) apply simp apply simp
apply clarify defer
apply clarify defer
apply clarify defer
apply clarify apply (cases rule: reduces.cases) apply simp+
proof —
— Beta
fix I'iienv and o 7 el €2
assume wtel: empty - el : 0 — T
and wte2: empty - e2 : o
and red: App el e2 —— e’
from red show empty e’ : 7
proof (rule app-reduce)
fix 7'’ b assume vv: Values e2 and ep: e’ = {0—e2}b and el: el = X7 b
from wtel el have wtelb: empty = (\:7'". b) : 0 — T by simp
from wtelb obtain L
where st: 0 <: 7"’
and fL: finite L
and wtb: Vz. 2 ¢ L — [z — 7" - {0—FVar z}b : 7
using wte-lambda-inv|[of empty (A\:7"". b) ¢ — 7| by blast
let ?X = Suc (maz (setmaz L) (setmaz (FV b)))
have zgel: setmaz L < ?X by auto
have zgeb: setmaz (FV b) < ?X by auto

— Set up for and apply the substitution lemma
from fL zgel have zL: ?X ¢ L by (rule greaterthan-maz-is-fresh)
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with wtb have wtb2: [?X — 7" - {0—FVar ?X}b : 7 by blast
have gzs: [?X — 7] 2X = Some 7"" by simp
have fg: finite-env [?X +— 7'/| using finite-env-def by simp
have fgp: finite-env empty using finite-env-def by simp
have gzgp: [?X — 7] — 2X C empty by (simp add: remove-bind-def)
from wte2 st have wte2b: empty - e2 : 7'/ by (rule wte-sub)
from wtb2 gzs fg fgp grgp wte2b
have wtb: empty - [?X—e2]({0—FVar 2X}b) : 7
using substitution by blast

— Use the substitution decomposition lemma
have finb: finite (FV b) by (rule finite-FV)
from finb zgeb have zb: ?X ¢ FV b by (rule greaterthan-max-is-fresh)
from zb have {0—e2}b = [?X—e2]({0—FVar ?2X}b)
by (rule decompose-subst)
with wtb ep show empty - e’ : 7 by simp
next — Delta
fix c assume d: § ¢ e2 = Some e’
and ve2: Values e2
and el: el = (Const c)
from wtel el obtain ¢’ 7’/ where tc: TypeOf ¢ = o’ — 7’
and ss: 0 <: o' and tt: 7/ <: T
apply simp using wte-const-inv by blast
from wte2 ss have wte2b: empty + €2 : o’ by (rule wte-sub)
from tc wte2b ve2 obtain v’’ where dd: § ¢ e2 = Some v"’
and wtvp: empty - v’ : 7/ using delta-typability by blast
from d dd wtvp have wtep: empty + e’ : 7/ by simp
from wtep tt show empty F e’ : 7 by (rule wte-sub)
next — ApCst
fixvoolo'71f
let Zarg = mcast e2 o o1
assume ep: ¢’ = mcast (App f %arg) 71 v
and el: el = f(cl — 71=p — V)

from wtel el have wtela: empty - f(c1 — 71=p — v) : 0 — 7T by simp
from wtela have rnst: p - v <:0 — T
and witf: empty - f : 01 — 71
and sltirv: ol — 71 ~p — v
and sitirvne: 01 — 71 # o — v
using wte-cast-inv[of empty f o1 — 71 ¢ — v] by auto
from st have sr: 0 <: o by auto
from rnst have vt: v <: 7 by auto

from wte2 sr have e2b: empty F e2 : o by (rule wte-sub)
from e2b sitirv sitirvne have wtce2: empty = %arg : o1
apply (simp add: mcast-def)
apply (case-tac o = o1)
apply auto apply (rule wte-cast) apply auto
using consistent-symmetric apply force
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apply (rule wte-cast) apply auto using consistent-symmetric apply blast
done

from wif wtce2 have wtap: empty = App f %arg : 71 by (rule wte-app)
from sitirv have tin: 71 ~ v by auto
from wtap tIn have empty = mcast (App f %arg) 71 v : v
apply (simp add: mcast-def)
apply (case-tac 71 = v)
apply auto apply (rule wte-cast)
apply auto apply (rule wte-cast) apply auto
done
with ep vt show empty - e’ : 7 apply simp apply (rule wte-sub) by auto
qed
next — Cast
fixI'oTe
assume wte: empty - e : 0 and IH: empty = empty A e — e’ — empty - e’ :
o
and st: o ~ 7 and nst: 0 # T
and red: e{(o=T1) —— ¢’
from red show empty e’ : 7
proof (rule cast-reduce)
fix oo’ v
assume rtstr: 0 S T
and nrt: 90 # 7 and ep: ¢/ = mcast v g (0 ~— T)
and e: e = v(o=0')
from wte e have wtcv: empty + v(o=0') : o by simp
from wtcv have ss: 0/ <: o
and rsp: 0 ~ o’
and nrsp: o0 # o’
and wtv: empty F v : o
using wte-cast-inv[of empty v ¢ o’ o] by auto

have rrt: p ~ ¢ «— 7 by (rule consistent-merge)
from wtv rrt have wtcv: empty - mcast v o (0 — 7) : 0 — T
apply (simp add: mcast-def)
apply (case-tac o = o — T)
apply simp apply clarify
apply (rule wte-cast) apply auto
done
from rtstr have rtt2: o — 7 <: 7
using restrict-sub-merge by blast
from wtcv rtt2 have wtcv2: empty = mcast v o (0 — 7) : T by (rule wte-sub)
with ep show empty - e’ : 7 by simp
next
fix 0 assume e: e = e (T1=0)
from wte e show empty e’ : 7
using wte-cast-inv by blast
qed
next — Sel
fix'7telss
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assume wte: empty F e : ObjT ss
and X: empty = empty A e — e’ — empty - e’ : ObjT ss
and Im: lookup-sig ss | = Some (Sig | T)
and red: Invoke e | —— e’
from red show empty - e’ : 7
apply (cases rule: reduces.cases)
apply simp apply simp defer apply simp apply simp defer apply simp apply
simp apply simp
proof —
fix 7' b1 ms’
assume a: (Invoke e I, e¢’) = (Invoke (Obj ms' 7") ', App b (Obj ms’' 7))
and Im2: lookup ms’ 1’ = Some (Method ' b)
from wte a have wto: empty = Obj ms’ 7' : ObjT ss by simp
from wto obtain tt where t: 7/ = ObjT tt and ttss: tt <:: ss
and wtms: empty - ms’ :: tt in ObjT tt
using wte-obj-inv by blast

from wtms Im2 obtain 7’ where
wtm: empty = (Method I’ b) : (Sig I’ ') in ObjT tt
using lookup-wtm by force

from wtm have wtb: empty - b : ObjT tt — 1’
using wtm-inv|of empty I’ b 7' tt] by blast

from wtm have Im2: lookup-sig tt I’ = Some (Sig I’ T')
using wtm-inv|of empty I’ b 7' tt] by blast

from wtms have wto2: empty = Obj ms’ (ObjT tt) : ObjT tt by (rule wte-obj)
from wtb wto2 have wta: empty = App b (Obj ms’ (ObjT tt)) : 7’ by (rule
wte-app)

from a Im Im2 ttss have 7 = 7’
apply simp using lookup-sub by simp
with wta a t show empty + e’ : 7 by simp
next — SelCst
fix o’ 7/ obj 1’ ss tt
assume a: (Invoke e I, e') = (Invoke (0bj{ObjT ss=ObjT tt)) ', mcast (Invoke
obj 1"y o' )
and lookup-sig ss I' = Some (Sig 1’ o)
and lookup-sig tt I = Some (Sig I’ ')
show empty - e’ : 7 sorry
qed
next — Upd
fix'elms ss
assume wte: empty F e : ObjT ss
and wtm: empty = m : s in ObjT ss
and Im: lookup-sig ss | = Some s
and red: (Update e m) —— e’
and — (empty = empty A e —— ¢)
from red show empty - e’ : ObjT ss
apply (cases rule: reduces.cases)
apply simp apply simp apply simp defer apply simp apply simp defer apply
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stmp apply simp
proof —
fix 7' m’ ms
assume a: (Update e m, e') = (Update (Obj ms ') m’, Obj (replace ms m') 7')
from wte a have wto: empty - Obj ms 7' : ObjT ss by simp
from Im have snl: ms-name s = [ by (rule lookup-name-result)
from wtm have mnsn: mname m = ms-name s by (rule method-sig-name)
from snl mnsn Im have Im2: lookup-sig ss (mname m) = Some s by simp
from wto obtain tt where t: 7' = ObjT tt and ttss: tt <: ss
and wtms: empty & ms :: tt in ObjT tt
using wte-obj-inv by blast
from ttss have osom: ObjT tt <: ObjT ss by auto
from witm osom have wtm2: empty = m : s in ObjT tt by (rule method-subsumption)
from [m2 ttss have Im3: lookup-sig tt (mname m) = Some s
using lookup-sub by simp
from witms wtm2 Im3 have empty b replace ms m :: tt in ObjT tt
by (rule replace-wt)
hence wto2: empty = Obj (replace ms m) (ObjT tt) : ObjT it by (rule wte-obj)
from wto2 osom have empty - Obj (replace ms m) (ObjT tt) : ObjT ss by (rule
wte-sub)
with a t show ?thesis by simp
next — UpdCst
fix o' 7/ bobjlm’ ss’tt
assume (Update e m, e’) = (Update (obj{ObjT ss'=ObjT tt)) (Method | b),
(Update obj m"){ObjT ss'=ObjT tt))
and lookup-sig ss' | = Some (Sig 1 o)
and lookup-sig tt | = Some (Sig 1 T')
and m’ = Method | (b{ObjT tt — 7'=ObjT ss' — o))
show empty - e’ : ObjT ss sorry
qed
qged

lemma subject-reduction:
assumes wte: ' - e : 7 and ¢g: ' = empty and red: ¢ —— ¢’
shows empty e’ : 7
using wte g red subject-reduction-impl by simp

9.6 The Decomposition Lemma

consts welltyped-ctz :: (env X ctz X ty X ty) set
syntax welltyped-ctz :: env = ctx = ty = ty = bool (-+ -: -=-[52,52,52,52] 51)
translations ' - F : 0 = 7 == (T, E, 0, 7) € welltyped-ciz
inductive welltyped-ctx intros

WTHole: I' - Hole : 7 = 71

WTAppL: [THFE:0=(o—7);TFe:p]

= I'+FAppLEe:0oc=T1

WTAppR: [TFe:o— 1, TFE:0= 9]

— T+ AppReFE :0=T

WTCSub: [THE:0= 0;0<:0"]

=T +FE:0c= 0
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WTCSel: [T+ E : 0 = ObjT ss; lookup-sig ss | = Some (Sig I 7) |
=1+ InvokeC El:0 =1
WTCUpd: [I' - E : 0 = ObjT ss;
' m: sin ObT ss;
lookup-sig ss | = Some s ]
= I' + UpdateC E m : 0 = ObjT ss
WTCCast: [TFE:0= 0 0~030+# 0]
=T FCastCE oo :0= o’

constdefs bad-cast :: expr = bool
bad-cast e = (3 v o o0 o' 7. e = (v{0=0)){(c'=T) A SimpleValues v
Ao 7))

lemma welltyped-decomposition-impl:
Tre:7—
I' = empty — Values e
V(3ocEr.e=E[r]ATHFE:0c=7AEFE € wfctz
AT Fr:o A (redex v V bad-cast r)))
AT Fm:sinA— True)
A (T + ms:: ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply simp apply simp apply simp
apply (rule impl) defer
apply (rule impl) apply (case-tac Values e)
apply simp
apply (erule impE) apply simp
apply (erule disjE) apply simp
apply (erule exE)+ apply simp
apply (rule-tac z=c' in ezl)
apply (rule-tac z=FE in exl)
apply (rule-tac z=r in exl)
apply simp
apply clarify apply (rule WTCSub) apply simp apply simp
apply (rule impI) apply (case-tac Values e)
apply (erule impE) apply simp
apply simp apply (case-tac e) apply simp apply simp apply simp
apply simp apply simp apply simp
apply (rule-tac z=7 in exl)
apply (rule-tac z=Hole in exl)
apply (rule-tac =Cast (Cast expr tyl ty2) o T in exl)
apply simp apply (rule conjl)
apply (rule WTHole) apply (rule conjl) apply (rule WFHole)
apply (rule conjI) apply (rule wte-cast) apply simp apply simp apply simp
apply (simp add: redex-def)
apply (case-tac tyl = 7) using Remove apply blast
apply (case-tac (tyl < 7 A tyl # 7))
using Merge apply blast
apply (simp add: bad-cast-def)
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apply simp apply simp apply simp apply simp
apply (erule ezE)+ apply (erule conjE)+
apply (rule disjI2) apply clarify
apply (rule-tac =0’ in exl)
apply (rule-tac x=CastC E o 7 in exl)
apply (rule-tac z=r in exl)
apply simp apply (rule conjI) apply (rule WT'CCast) apply simp apply simp
apply simp apply (rule WFCastC) apply simp
apply (rule impI) defer
apply (rule impI) defer
apply simp
apply simp
apply simp
apply simp
proof —
fixI'o T el e2
assume wtel: ' el 10 — 7
and [HI: " = empty —
Values el Vv
(Fo' Er.
el = E[r] A
'FE:o'=0—>7AEE€Euwfctzx AT+ r:0’ A (redexr V bad-cast r))
and wte2: 'F e2 : o
and IH2: ' = empty —
Values e2 Vv
(Fo' E .
e2 =FE[r] \TFE:0'=0 ANE € uwfctx A\T'Fr:c'A (redexr V bad-cast
7))
and g: I' = empty
show Values (App el e2) vV
(3o Er. Appel e2 =E[r] AN\THE :0=1 AE € wfctz A\TFr:oA
(redex v V bad-cast T))
proof (cases Values el)
assume vel: Values el
show %thesis
proof (cases Values e2)
assume ve2: Values e2
have h: App el e2 = Hole[App el e2] by simp
have wth: empty & Hole : =7 by (rule WTHole)
from wtel wte2 g have wta: empty = App el e2 : 7 apply simp by (rule
wte-app)

from wtel vel g have (3 ¢’ e. el = Xig’. e) V (I c. el = Const c)
V3o t'v ov. el =v{c'—1 = o—1))
apply simp apply (rule canonical-form-fun) by auto
moreover { assume z: 3 0’ e. el = X' e
— Beta
from z obtain ¢’ b where el: el = \:o’. b by blast
from el ve2 have App el e2 —— {0—e2}b apply simp by (rule Beta)
hence r: redex (App el e2) using redex-def by blast
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have wfh: Hole € wf-ctz by (rule WFHole)
from h wth wfh wta r g have ?thesis by blast
} moreover { assume z: 3 c. el = Const c
— Delta
from z obtain ¢ where el: el = Const ¢ by blast
from wtel el obtain o’ 7’ where tc: TypeOf ¢ = o’ — 7’
and ss: 0 <: 0’ and tt: 7' <: T
apply simp using wte-const-inv by blast
from wte2 have wte2b: T' - €2 : o’ by (rule wte-sub)
from tc wte2b ve2 g obtain v’/ where dd: § ¢ e2 = Some v'’
using delta-typability by blast
from dd ve2 el have App el e2 —— v'' apply simp by (rule Delta)
hence r: redex (App el e2) using redex-def by blast
have wfh: Hole € wf-ctz by (rule WFHole)
with h wth wfh wta r g have ?thesis by blast
} moreover { assume z: (3 o' 7' v o v. el = v(oc'=T = g—v))
— ApCst
from z obtain o’ 7' f o v where el: el = f{o'—7' = o0—v) by blast
from vel el have sf: SimpleValues f by simp
from el sf ve2 have App el e2 —— mcast (App f (mcast e2 o o")) 7’ v
apply simp by (rule ApCst)
hence r: redex (App el e2) using redex-def by blast
have wfh: Hole € wf-ctz by (rule WFHole)
from h wth wfh wta r g have ?thesis by blast
} ultimately show ?thesis by blast
next
assume ve2: = Values e2
from ve2 IH2 g obtain o’ E r where e2: e2 = E|[r]
and wtE: T+ E : 0'=0 and wfE: E € wf-ctz
and wtr: T+ r : o’ and rr: (redez v V bad-cast )
by blast
from e2 have App el e2 = (AppR el E)[r] by simp
moreover from wtel wtE g have empty - AppR el E : o' = 7
apply simp apply (rule WTAppR) apply auto done
moreover from vel wfE have AppR el E € wf-ctz by (rule WFAppR)
moreover note wir rr g
ultimately show ?thesis by blast
qed
next
assume vel: - Values el
from vel IHI g obtain o’ E r where el: el = EJ[r]
and wtE: T+ E : 0'=0—71 and wfE: E € wf-ctzr and wtr: T+ r : ¢’ and rr:
(redex v V bad-cast T)
by blast
from el have App el e2 = (AppL E e2)[r] by simp
moreover from wtE wte2 g have empty - AppL Ee2 : 0’ = 1
apply simp apply (rule WTAppL) apply auto done
moreover from wfE have AppL E e2 € wf-ctz by (rule WFAppL)
moreover note wir rr g
ultimately show ?thesis by blast
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qed
next
fix I' 7 e [ msigs
assume wte: I' - e : ObjT msigs
and [H: T' = empty —
Values e V
(o Er.
e = E[r] A
'k E:0=00bjT msigs N E € wf-cte AT Fr:0 A (redex v V bad-cast ))
and Im: lookup-sig msigs | = Some (Sig | T)
and g: I' = empty
show Values (Invoke e 1) V
(Fo Er.
Invoke el = E[rf] AT E:o0=7 ANE € wf-ctt NT 1 :0 A (redex v V
bad-cast T))
proof (cases Values e)
assume ve: Values e
have a: Invoke e | = Hole[Invoke e l] by simp
have wth: I' = Hole : 7 = 7 by (rule WT'Hole)
have wfh: Hole € wf-ctz by (rule WFHole)
from wte Im have wtr: ' b Invoke e | : T by (rule wte-sel)
from wte ve g have z: (3 ms 7. e = Oby ms 7) V (3 ms 7 rr tt. e = (Obj ms
7){ObT rr = ObjT tt))
apply simp apply (rule canonical-form-obj) by auto
moreover { assume z: 3 ms 7. e = Obj ms T
from z obtain ms 7’ where e: ¢ = Obj ms 7’ by blast
from wte e have wto: I' - Obj ms 7’ : ObjT msigs by simp
from wto obtain tt where tp: 7' = ObjT tt and ssm: tt <:: msigs
and wtms: I' F ms :: tt in ObjT tt using wte-obj-inv by blast
from ssm Im have Im2: lookup-sig tt | = Some (Sig | T)
using lookup-sub by blast
from wtms Im2 have z: 3 b. lookup ms | = Some (Method 1 b)
by (rule lookup-sig-implies-lookup)
from z obtain b where Imb: lookup ms | = Some (Method | b) by blast
from Imb have red: Invoke (Obj ms 7') | —— App b (Obj ms ') by (rule Sel)
from red e have r: redex (Invoke e ) using redex-def by blast
from a wth wfh wir r have ?thesis by blast
} moreover { assume z: 3 ms 7 rr tt. e = (Obj ms 7)(ObjT rr = ObjT tt)
have ?thesis sorry
} ultimately show ?thesis by blast
next
assume ve: = Values e
from ve IH g obtain ¢’ E r where e: e = E[r]
and wtE: T+ E : 0'=0bjT msigs and wfE: E € wf-ctx
and wtr: T+ r : 0’ and rr: (redez v V bad-cast r) by blast
from e have Invoke e | = (InvokeC E l)[r] by simp
moreover from wtE g Im have empty - InvokeC El: 0’ = 7
apply simp apply (rule WT'CSel) apply auto done
moreover from wfE have InvokeC E | € wf-ctz by (rule WFInvoke)
moreover note wir rr g
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ultimately show ?thesis by blast
qed
next
fix I' o e Il m msigs
assume wte: I' - e : ObjT msigs
and IH: ' = empty —
Values e V
(3o Er.
e = E[r] A
' E:o=0bT msigs N E € wf-ctt AT 1 :0 A (redex r V bad-cast 1))
and wtm: I' - m : o in ObjT msigs
and Im: lookup-sig msigs | = Some o
and g: I' = empty
show Values (Update e m) V
(3o E r. (Update e m) = E[r] A
'k E:o0=0bTmsigs N E € wf-ctt ANT' Fr:0 A (redex r V bad-cast r))
proof (cases Values e)
assume ve: Values e
have a: Update e m = Hole[Update e m] by simp
have wth: T' b Hole : ObjT msigs = ObjT msigs by (rule WTHole)
have wfh: Hole € wf-ctz by (rule WFHole)
from wte wtm Im have wir: I' b Update e m : ObjT msigs by (rule wte-upd)
from wte ve g have z: (3 ms 7. e = Oby ms 7) V (3 ms 7 rr tt. e = (Obj ms
T)(ObjT rr = ObjT it))
apply simp apply (rule canonical-form-obj) by auto
moreover { assume z: 3 ms 7. e = Obj ms T
from z obtain ms 7’ where e: ¢ = Obj ms 7’ by blast
from e have red: Update e m —— Obj (replace ms m) 7’ apply simp by (rule
Upd)
from red e have r: redex (Update e m) using redez-def by blast
from a wth wfh wtr r have ?thesis by blast
} moreover { assume z: 3 ms 7 rr tt. e = (Obj ms 7)(ObjT rr = ObjT tt)
have ?thesis sorry
} ultimately show ?thesis by blast
next
assume ve: = Values e
from ve IH g obtain ¢’ E r where e: e = E[r]
and wtE: T+ E : 0'=0bjT msigs and wfE: E € wf-ctx
and wir: T - r : ¢’ and rr: (redex r V bad-cast r) by blast
from e have Update e m = (UpdateC E m)[r] by simp
moreover from wtE wtm g Im have empty = UpdateC E m : o' = ObjT msigs
apply simp apply (rule WI'CUpd) apply auto done
moreover from wfE have UpdateC E m € wf-ctz by (rule WFUpdate)
moreover note wir rr g
ultimately show ?thesis by blast
qged
qed

lemma welltyped-decomposition:
empty - e : 7 = Values e
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V(B3 ocEr.e=E[rf]ANemptyt- E:0=71ANE € wf-clz
A empty b r: o A (redex v V bad-cast T))
using welltyped-decomposition-impl apply blast done

9.7 Subterm Typing

lemma subterm-typing-impl:
TrFe:T— VEr.e=Er]— 3o T'FE:c=>7ATFr:o0))
A(THEm:sin A— True)
A (T F ms:: ssin A" — True)
apply (induct rule: wte-wtm-wtms.induct)
apply clarify
apply (rule-tac z=7 in exl)
apply (case-tac E)
using wte-var WTHole apply force
apply simp apply simp apply simp apply simp apply simp
apply clarify
apply (rule-tac =TypeOf ¢ in exl)
apply (case-tac E) using wte-const WTHole apply force
apply simp apply simp apply simp apply simp apply simp
apply clarify
apply (case-tac E)
apply (rule-tac t=0—7 in exI)
apply simp using wte-abs WTHole apply force
apply simp apply simp apply simp apply simp apply simp
apply clarify
apply (case-tac E)
apply (rule-tac z=7 in exl) using wte-app WTHole apply force
apply (erule-tac z=ctz in allF)
apply (erule-tac x=ctz in allF)
apply (erule-tac z=r in allE)
apply (erule-tac z=r in allE)
apply simp using WTAppL apply blast
apply (erule-tac z=ctz in allF)
apply (erule-tac z=ctz in allF)
apply (erule-tac x=r in allE)
apply (erule-tac z=r in allE)
apply simp using WTAppR apply blast apply simp apply simp apply simp
apply clarify
apply (erule-tac x=F in allE)
apply (erule-tac z=r in allE)
apply simp
apply (erule exE) apply clarify
apply (rule-tac z=c' in exzl) apply clarify
apply (rule WT'CSub) apply simp apply simp
apply clarify
apply (case-tac E)
apply (rule-tac x=7 in ezl) using wte-cast WTHole apply force
apply simp apply simp apply simp apply simp
apply (erule-tac z=ctz in allF)
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apply (erule-tac z=r in allE)
apply simp using WTCCast apply blast
apply clarify
apply (case-tac E)
apply (rule-tac x=7 in ezl) using wte-sel WTHole apply force
apply simp apply simp
apply (erule-tac z=ctz in allF)
apply (erule-tac z=r in allE)
apply simp apply (erule exE) apply clarify
apply (rule-tac =0 in exI) apply (rule conjl)
apply (rule WT'CSel) apply simp apply simp apply simp
apply simp apply simp
apply clarify
apply (case-tac E)
apply (rule-tac z=00bjT ss in exl)
apply (rule conjI)
apply simp apply (rule WTHole)
apply simp apply clarify apply (rule wte-upd) apply simp
apply simp apply simp apply simp apply simp apply simp
apply (erule-tac z=ctz in allE)
apply (erule-tac z=r in allE)
apply simp apply (erule exE) apply clarify
apply (rule-tac x=0 in exl) apply (rule conjl)
apply (rule WT'CUpd) apply simp apply simp apply simp
apply simp apply simp
apply clarify
apply (case-tac E)
apply (rule-tac x=0bjT ss in exl)
apply simp using wte-obj WTHole apply force
apply simp apply simp apply simp apply simp apply simp
apply simp+
done

lemma subterm-typing:
PFErl:rT=3 0. TFE:0=7ATkFr:o
using subterm-typing-impl by simp

lemma fill-ctz-welltyped[rule-format]:
T'FE:o=7=Vr.I'Fr:oc—TFfilEr:T
apply (induct rule: welltyped-ctz.induct)
apply simp
using wte-app apply force
using wte-app apply force
using wte-sub apply blast
apply clarify apply simp apply (rule wte-sel) apply blast apply blast
apply clarify apply simp apply (rule wte-upd) apply blast apply blast
apply blast
using wte-cast apply force
done
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9.8 Progress and Preservation

constdefs BadCast :: expr = bool
BadCast e = 3 (E::ctx) r. e = E[r] A bad-cast r

lemma progress:
assumes wte: empty - e : T
shows Values e V (3 e’. e — ¢') V BadCast e
proof —
show %thesis
proof (cases Values e)
assume Values e thus fthesis by simp
next assume — Values e
with wte have z: 3 0 Er. e = E[r] Nempty - E : 0 = 7 AN E € wf-ctzx
A empty b r:o A (redex v V bad-cast 1)
using welltyped-decomposition|of e 7] by simp
from z obtain o E r where ¢E: ¢ = E[r] and wtc: empty - E : 0 = 7
and wfE: E € wf-ctx and witr: empty - r : o
and rrb: redex r V bad-cast r by blast
{ assume rr: redex r
from 7 obtain r’ where red: r —— r’ using redez-def by blast
from wfE red have E[r] — E[r'] by (rule Step)
with eE£ have ?thesis by blast
} moreover { assume b: bad-cast r
with eF have BadCast e apply (simp add: BadCast-def) by auto
hence ?thesis by blast
} moreover note rrb
ultimately show ?thesis by blast
qed
qed

lemma preservation:
assumes s: e — e’
and wte: empty - e : T
shows empty e’ : 7
using s
proof (cases rule: eval-step.cases)
fix Err’
assume a: (e, e') = (E[r], E[r'])
and wfE: E € wf-ctx
and rr: 7 —— 71’
from a wte obtain o where wtc: empty - F : 0 = 7
and witr: empty = r : o using subterm-typing by blast
from wir rr
have wtrp: empty - v’ : o using subject-reduction by blast
from wtc wtrp have empty = fill E v’ : 7 by (rule fill-ctz-welltyped)
with a show ?thesis by simp
qed
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9.9 The Main Theorem

constdefs finished :: expr = bool
finished e = ~(3 e. e — ¢)

syntax eval-step-rtrancl :: expr = expr = bool (infixl —* 51)
translations e —* ¢’ == (e,e’) € eval-step*

lemma type-safety-fobj:
assumes et: empty - e : T
and ee: e —* ¢’
shows empty - e’ : 7 A (Values e’ vV BadCast e’ V = (finished e'))
using ee et
proof (induct rule: rtrancl.induct)
fix a assume wta: empty - a : T
from wta have Values a V (3 e’. a — e’) V BadCast a by (rule progress)
with wta show empty b a : 7 A (Values a V BadCast a V — (finished a))
using finished-def by auto
next
fix abc
assume [H: empty - a : 7 = empty = b : 7 A (Values b V BadCast b V —(finished
)
and bc: b — c and wta: empty - a : T
from wta IH have wtb: empty = b : 7 by simp
from bc wtb have wic: empty b ¢ : 7 by (rule preservation)
from wtc have Values ¢ V (3 e’. ¢ — e’) V BadCast c by (rule progress)
with wtc show empty - ¢ : 7 A (Values ¢ V BadCast ¢ V — (finished c))
using finished-def by auto
qed

lemma compilation-total-impl:
CThrge:T— 3 e . The=e:71)
ACrFegm:sinT — 3 m . Tkm=m':sinT1))
AT kg ms:ssint — (3 ms'. Tk ms= ms:ssinT))
sorry

lemma compilation-total:
Thtge:T=3F e TFe=c¢e:71
using compilation-total-impl by blast

theorem type-safety:
assumes c: empty - e = e’ : T
and ee: e/ —" e”’
and te: finished e’’
shows (Values e'’ vV BadCast ¢'’) A empty e’ : 7
proof —
from c have et: empty b e’ : 7 by (rule compilation-sound)
from et ee te show ?thesis using type-safety-fobj by blast
qed
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