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��KN7EDCBC;>7HÝP7Eé U ÜEÜHMPÝZD U OLÝ�KN7E?Rò U à<O>KN7HK@ß�ã I K@àH;*[ U ?LB�Ý�9<B U ÝZ?�OLT U O*OLTHB�ß¬K@?hO*7 U O>àH; U M I<U 7E9ÜH;LK@[ U [EMPã�OLTHBÀß»Kn?`O�D�KNß¬Ü.B�O>BC7nO�ß¬BR9HÝ U O>T U O�Ý�? U [EMPB1O>K�D U ;L;>ã�Ý�7<â¨K@;Lß U O>ÝPK@75KN7�?LBCß U 7HìOLÝZDC?1KNâ U [:?`O>; U D�O89<KNß U ÝP7E? U 7E9$ß U ÜHÜHÝ�7Hé@?*[.B�O`ä�BCBR7�O>THBCß U ;>B!9 U O U O>THBCß5?LBCM�æNBa?Cç

24365 798;:�<>=�?!@A<9BC?�<D?FE"G1H�IJ=�KLGNMPOQG1<�?!GSRT7VUN<�KLGNKLMXW
687kã U ÜHÜEMPÝZD U OLÝ�KN7óÝ�7Ïé@BC7HBR; U M�D U 7Ï[.B»DCKN7E?LÝZ9<BC;>BR9 U ?À?LBRënàHBR7ED�Ba?�KNâdKNÜHOLÝ�KN7 U M)9 U O U ;LBCìOL;>ÝPBRæ U Mnâ¨;LK@ßÂÝVOW?�;>àH7<ì}OLÝ�ß¬B*BC7kækÝP;>KN7Hß¬BR7@O I ÜE;LK<D�Ba?L?LÝ�7HéÀ9 U O UEIqU 7E9�K@Ü<OLÝ�KN7 U M�MPã!9<ÝZ?hÜEM U ãkÝ�7Hé



��� � µ��Eµ ÁEfhxaj@m|^`moeainxR{:brea{oz@^`moeai��v����xRineC^`·np>fd½Smoikj�eR~(�R{Vz@moin��^`eR�ap>^`·@p>f��

KN;¹?hOLKN;>Ý�7Hé v;LBa?`O>KN;>ÝP7HéÀÜH;>KkDCBR?>?hBa9/9 U O U çSíîB8ä�K@àHMZ9�M�ÝPY@B*OLK!K@à<OLM�ÝP7EB I O>T U OÃâ¨;>KNß�OLTHB�éNBC7Hì
BC; U MkÜ:BR;>?LÜ.BRD�O>ÝPæ@B U [.KvæNB¹O>THB*ä�K@;>9/9 U O U Ý�?)àE?LBR9/ÝP7 U ënàHÝVO>B*éNBC7EBC; U M<?hBR7E?LB I ÝVO¹ß U ã!;>B�â¨BR;OLK�æ U MPàHBa?¹KNâ(Ü U ;LOLÝZD�àHM U ;�9<KNß U Ý�7E?�ÝP7:D�M�àE9<Ý�7Hé�7kàHß/[:BR;>? I M�B�OLOLBC;W? I ÜHÝZD�O>àH;LBa? I BCæ@BC7nO>? I ÜE;LKNìD�BR?>?LBR? U 7E9 U M�?LK�ÜE;LK<D�Ba?L?LKN;W?RçN61DCDCKN;W9<ÝP7Eé�OLK�OLTHB U [.KvæNB InU 7 U ÜEÜHMPÝZD U OLÝ�KN7�ß U ã»â¨KN;>ß U M�MPã[:B	ækÝPBRä�Ba9 U ? U 	SìtO>àHÜHÜHM�B

A(D,E, α) I ä1THBR;LB D ÝZ? U ?hOL;>Ý�D�OLM�ã U ÜHÜHM�ÝZD U O>ÝPK@7<ìr?hÜ.BRDCÝVê:D7HKN7<ì�Ü.BC;W?hÝZ?`O>BC7nO�9 U O U ß¬K<9<BCM�ì U ?LB�O�KNâ8D�KN7nO U Ý�7HBC;W?�KSâ89 U O U KSâ U OLKNß¬ÝZD U 7E9 qKN;/D�KN7Hì
?`O>;LàED�OLBa9 U 7E9 U MZ?hKáDCKN7E?hOL; U Ý�7HBa9ÞO`ãnÜ.BR?�ì5D U M�M�BR9 U ÜHÜHM�Ý�D U OLÝ�KN7 D U DWTHBÏß»BRß¬KN;>ã I E Ý�?
D U M�M�BR9î;LàE7<ìtO>ÝPß¬B59 U O U BC7kækÝ�;LK@7Hß¬BC7nO�OLT U O�ÝP7�éNBR7HBC; U MÃÝ�ß¬ÜHM�BCß¬BC7nO>?�Ü:BR;>?LÝ�?hOLBR7nO U ÜHÜHM�ÝVìD U O>ÝPK@7ð9 U O UHI�U 7E9 α : D × E 7→ E

ÝZ? U ß U ÜHÜHÝ�7Hé I D U M�M�BR9 U ÜHÜEMPÝZD U OLÝ�KN7 MPK@éNÝZDSç¹ñr7OLTHB U [:Kvæ@BÀß¬K<9<BCM α ÝPß¬ÜHM�BCß¬BR7@OW? U M�M¦7HBaD�BR?>? U ;>ã57HKN7<ì U ÜEÜHMPÝZD U OLÝ�KN7<ìr?LÜ:BaD�ÝPê:D8Yk7HKvä1M�BR9<é@BU [.KNà<O U DRD�Ba?L?LÝP7Eé»9 U O U â¨;>KNß U 7E9�O>K E çHèºK¬ÜHàE;Lé@B U ä U ã U M�M¦7HKN7Hì U ÜHÜHM�Ý�D U OLÝ�KN7Hì�?LÜ:BaD�ÝPê:DYn7EKvä1MPBa9<éNB�D�K@7ED�BR;L7HÝ�7Hé»9 U O U»U DCDCBR?>?dâ¨;>KNß O>THB U ÜEÜHMPÝZD U OLÝ�KN7$MPK@éNÝZD I ä�B!9<BRæNBRMPK@Ü U êE7HBC;
U 7E9ïß¬K@;LB»?hÜ.BRDCÝVê:D/ß¬K<9<BCM�OLT U O�[ U ?LÝ�D U M�MPãïD�K@7ED�BR;L7:?8ß U ÜHÜEÝP7Hén?�[.B�O`ä�BCBR7ïO`ä�K�Ü U ;hO>Ý�D�ìàHM U ;59<KNß U Ý�7E?��ÃKN7HB$OLT U O�ß¬K<9<BCMZ?¬ÝP7:9<àE?hOL;>Ý U M I ?>D�Ý�BC7nOLÝPê:D	KN;¬[HàE?LÝ�7HBR?>?»OLBaDWTH7HKNM�KNé@ÝPBa?�ìD U M�M�BR9 schema IkU 7E9 U 7HKSO>THBC;�KN7HB�OLT U O�ß¬K<9<BRM�? U ?hBCO�KSâ)9 U O U D U ;L;>Ý�BC;dß¬B U 7E?�ì#ä1THÝ�DWTOLKNé@B�O>THBC;ÀÝ�?�D U MPM�BR9 U medium ì*?LKNß¬B�KNâÃOLTHBRß ÜH;>BR?LBC;>æNBR?�9 U O UHI KSOLTEBC;W?8ß U Y@BR?�9 U O UænÝZ?LÝP[HM�B�Ý�7ó?hK@ß¬B�Ü U ;LOLÝZD�àEM U ;*â¨KN;>ß	ç ) U ÜEÜHÝP7Eé@?8[.B�O`ä�BCBR7�OLTHB U [E?hOL; U D�O�9<KNß U Ý�7E? U [:Kvæ@Bâ¨;LK@ß U ÜHÜHM�Ý�D U O>ÝPK@7E?Cò@Ü:K@ÝP7nO*KSâ(ækÝ�BCäðÝZ? U M�?LK�DCKN7E?LÝ�9HBC;>BR9 U YkÝ�7E9�KNâ U [E?hOL; U D�O�9<K@ß U ÝP7:?dÝ�7KNàH;1ß¬K<9<BCM}ç

� W���O :��
	�K = <�:���	 @�NO M�?���� O RSI�USM���7�@�@�O :D:9E"G1H�IJ=�K GSM�O G1< �
6�?>?hàHß¬B I O>THBC;>B	Ý�? U êE7HÝPOLBï?hBCO Ta

KSâÀ7 U ß¬BR9 #¨Ý}ç B@ç)àE7HÝ�ënàHBRMPãáÝ�9<BR7nOLÝPêEBR9 %»U OLKNß¬ÝZD
#¨Ý}ç B@ç�àH7:?`O>;LàED�OLàH;>BR9 % O`ãkÜ:Ba? I#U êE7HÝPOLB	?hBCO CS = { ����� ��� �����������! "� � �  #����$���%� } KSâ1ä1T U OU ;>B/D U MPM�BR9&� �"�('*)"� � �� ,+ �  ' + I¦U 7E9 U êE7EÝVO>B¬?LB�O�KSâ�;LàHM�BR?�[kãïß¬B U 7E?�KSâdä1THÝZDWT�D�KNß¬ÜHM�B �9 U O U O`ãnÜ.BR? U 7E9�DCKN7nO U ÝP7EBC;�?LKN;LO>?�D U 7�[.B�D�K@ß»Ü.K@?LBR9(ç�6�?>?LàHß¬B5â¨àH;LOLTHBR;�KN7 I OLT U O�â¨K@;B U DWT U OLK@ß¬Ý�D$9 U O U O`ãkÜ:B I O>THBC;>B	Ý�? U æ U M�àHB null IºU 7E9�O>T U O U O>KNß¬ÝZD�9 U O U O`ãkÜ.BR? U ;>BKN;W9<BC;>BR9ô?hBCO>? I OLT U O¬ÝZ? I O`ä�KîÝ�7E?`O U 7EDCBR?¬KNâ�OLTEBó? U ß»B U O>KNß¬ÝZD�O`ãkÜ.B U ;>B�DCKNß¬Ü U ; U [HMPB@ç



� KN; U 7nã U OLKNß¬ÝZDÀ9 U O U O`ãkÜ:B I<U 7�Ý�7E?hO U 7ED�B�KSâºæ U MPàHB null Ý�7E9<ÝZD U OLBa?dO>T U O*7HK»Ü U ;LOLÝZD�àEM U ;æ U MPàEB�ÝZ?ÀÝ�7E?hO U 7@O>Ý U OLBa9¦ç:íðTEBC7HBRæNBC;�ä�B/?LÜ:B U Y U [.KNà<O � ) ' ) ' ��� ��+ I ä�B U M�ä U ã<?*O>THÝP7EYïKSâêE7HÝPOLB�?LàH[E?LB�OW?1KSâ#ÝP7HêE7HÝPOLB�?LB�OW?1KSâ#Ü U ;LOLÝZD�àEM U ;1æ U MPàEBR? IHU 7E9�ä1THBR7HBCæ@BC;1ä�B!?hÜ.B U Y U [.KNàHO
data

KN; � �"� ' )�� � �� �+ �  ' + I ä�B$OLTEÝP7HY U M�ä U ã<?/KSâÀ?LKNß¬B�?`O>;Là:D�OLàE;LÝ�7HéîKSâ�DCKNß¬ÜHM�B � æ U MVìàHBR?�KN;$DCKN7nO U ÝP7EBC;W?Cç � KN;$ÝP7E?hO U 7ED�B I ÝPâ int ∈ Ta
I int ÝZ? U êE7EÝVO>BÎ?LàH[E?LB�O$KNâ�OLTHBî?hBCO

Z = {0,+1,−1,+2,−2, . . .}
KSâ¦ä1THK@MPB17kàHß/[:BR;>?RçQ�kO U ãkÝP7Eé�?`O>ÝPM�ME[kã/OLTHÝZ?¹B � U ß¬ÜHMPB I intÝ�? U 7�àH7E?hOL;>àED�O>àH;LBa9	KN; raw O`ãnÜ.BNç �ÀÜHÜ:Kn?hÝPOLB�O>K�D�K@7E?`O>;Là:D�OLBa9�O`ãkÜ.BR? I OLTEBC;>B!Ý�?17EK5ä U ãOLK�;>B�â¨BR;1OLK U�� Ü U ;hO � KSâ U 7ïÝ�7E?hO U 7:D�B�KNâ U raw O`ãkÜ.BNç � KN;ÀB � U ß¬ÜHM�B I OLTHBR;LB!ÝZ?87HK�ä U ãOLKó;>B�â¨BR;!OLK U æ U MPàHB5KNâ ��	 U ?�Ü U ;LO U [.KvæNB �����	KSâ*OLTEB�æ U M�àHB�KSâ�� ��	Hç¦ñr7�O>THB�D U ?LB5KSâD�KN7:?`O>;LàED�OLBa9�O`ãkÜ.BR?dÜ U ;LOLÝZD�àHM U ;ÃÜ U ;LO>?¹KNâ�9 U O U ÝP7E?hO U 7ED�Ba?¹D U 7¬[:BÀ;LBCâ¨BC;>;LBa9�O>K U DRD�KN;W9<Ý�7HéOLK»OLTHB

sorts
KNâ)?LàEDWT	O`ãnÜ.BR?Rç

	 ) ' ) ' ��� ��+ U ;>B1OLK�9HB�êE7HB U ÜHÜEMPÝZD U OLÝ�KN7E?RòNÝ�7nOLBC;>7 U M:9 U O U ß¬K<9<BRM IkU MZ?hK!;>B�â¨BR;L;>BR9»O>K U ?U ÜHÜHM�ÝZD U O>ÝPK@7�9<KNß U ÝP7(ç � K@;dK@àH;�ä�KNàEM�9kì�[.B8ß¬Kk9HBCM.KN7HM�ã U ß¬ÝP7EÝPß U M�9 U O U O`ãkÜ.B�?Lã<?`O>BCß �

`àE?`O1â¨K@;1ÝPM�M�àE?`O>; U OLÝ�KN7V��Ý�?89HBCæNBRMPK@Ü:Ba9 U ?�â¨KNM�MPKvä8?��

 ?�� ß¬BCß/[:BR;>?*KNâ

Ta
U ;>B�9 U O U O`ãkÜ.BR?�
 8�� ÝPâ¦â¨KN;�B U DWT j ∈ [1,m]

â¨K@;�?LKNß¬B87 U OLàH; U M:7kàHß�[.BC; m I xj
U ;>B�9<ÝZ?`O>ÝP7:D�O�# U OLOL;>ÝP[HàHOLB %7 U ß¬Ba? U 7:9 tj U ;LB*#¨7 U ß»Ba9 % 9 U O U O`ãkÜ.BR? I O>THBC7 t < KP ⇒ [x1 : t1, . . . , xm : tm] >Ý�? U 9 U O U O`ãkÜ:B17 U ß¬BR9 t I@U 7E9¬D U M�M�BR9 entity ç KP

ÝZ? U # Ü:Kn?L?LÝP[EMPB1BRß»ÜHO`ã % ?hàH[:?hBCO¹KSâOLTHB*?LB�O
{x1, . . . , xm} I YNBRBCÜHÝ�7Hé�OLTHÝZ?)KN;W9<BC; IaU 7E9�ÝZ?#D U MPM�BR9 �  ��� )  ��� � � � �"� + '  )"� � 'tç

�kKNß¬BCOLÝ�ß»Ba?¹ä�B1àE?LB*OLTHB87EKSO U OLÝ�KN7 t.y OLK!;>B�â¨BR;ÃOLK U 7 U OhO>;LÝ�[Hà<O>B87 U ß¬Ba9 y KSâ U O`ãkÜ:B7 U ß¬Ba9 t 
 @�� ÝPâ
t
ÝZ? U 9 U O U O`ãkÜ:B I O>THBC7 v{t} Ý�? U 9 U O U O`ãkÜ.B�7 U ß»Ba9 v I)U 7E9�D U MPM�BR9 bag çº687ÝP7:?`O U 7EDCB�KNâ�O`ãkÜ.B {t} Ý�? U [ U é¬KSâ�Ý�7E?hO U 7ED�Ba?*KSâ)O`ãnÜ.B t 
 R�� é@ÝPæ@BC7ÏOLTHB�9 U O U O`ãkÜ:Ba? t1, . . . , tm I u[t1, . . . , tm]

Ý�? U 9 U O U O`ãkÜ:B¬7 U ß¬BR9 u I(U 7E9D U MPM�BR9 union
ç8687 Ý�7E?hO U 7:D�B�KSâ/O`ãkÜ:B u ÝZ? U 7 Ý�7E?`O U 7EDCB�KSâ U 7kã KN7EBîKNâ/O`ãkÜ.BR?

t1, . . . , tm
ç


 O�� éNÝ�æNBC7 U êE7HÝPOLB�?LB�O¬KSâ87 U ß»Ba9�O`ãkÜ.BR? T IÃU êE7EÝVO>B	?LB�O¬KSâ  "������ #� �(' ��) � � �"� + '  )"� � ' +
C I.U Ü U Ý�; S(T , C)

ÝZ? U 9 U O U O`ãkÜ.B�7 U ß»Ba9 S I�U 7E9ÏD U M�M�BR9ó?>DWTHBCß U ç.6  #������ #� �(' ��) �� �"� + '  )"� � ':ÝZ?�KSâ(â¨K@;Lß
φ ⇐ {ψ1, . . . , ψr} I ä1THBC;>B φ ÝZ? U � )  #� �('
' �� � IkU 7:9 ψj

â¨K@;
B U DWT j ∈ [1, r]

ÝZ? U ��� � ��� ' �� �/ç���ÝPæ@BC7 t < Kpt
⇐ [x1 : t1, . . . , xmt

: tmt
] > I.U� )  #� �(' ' �� �Þâ¨K@;ºO`ãkÜ.B t ÝZ? Kpt

ÝPO>?LBCMPâEKSâHO>THB�â¨KN;>ß
{t.xi1 , . . . , t.xint

}
çq6 ����� �%� ' �� �â¨KN;)OLTEB � )  "� � ' ' �� � U [.KvæNB IaU 7E9!â¨K@;�O`ãkÜ.B u[Kpu

⇐ [y1 : u1, . . . , ymu
: umu

] >
Ý�?

KSâÃâ¨K@;Lß
u[%mu1

ymu1
, ..., %mus

ymus
] I ä1THBR;LB {ymu1

, ..., ymus
} ⊆ {y1, . . . , ymu

} I
s ≤ nt

I�U 7E9 %mul

â¨KN;/B U DWT l ∈ [1, s]
?`O U 7E9H?�â¨KN;�K@7HB�KNâ�O>THB�[EÝP7 U ;LãÎ;LBRM U OLÝ�KN7E?

��� �() � � ' ���! #" �����%� � � �(' � � (∈) ��+ �%$ +�� ' (⊆)
)"� � + � � �� +�� ' (⊇) I 9HBCÜ.BC7E9<Ý�7Hé»KN75O>THBO`ãkÜ:Ba?

tmtl

U 7E9 umul

çk6 DWTHÝ�MZ9¬OLBR;Lß ÝZ?�D U M�MPBa9 U � �  #� �'&�� � �"� + '  )�� �('.ÝVâ�ÝVO*;LBCâ¨BC;W?ÃO>K
B U DWT U OhOL;>Ý�[Hà<OLB!KNâºO>THB!ÜH;>ÝPß U ;>ã5YNBRã�D�K@7E?hOL; U Ý�7@O1KNâºOLTEB!Ü U ;>BC7nO*OLBR;Lß�ç
!( � ÝPâ
t
ÝZ? U 9 U O U O`ãkÜ.B r[∗t] Ý�? U 9 U O U O`ãkÜ:B I 7 U ß»Ba9 U ? r I D U MPM�BR9 reference to t ç

A U ?hBa9ïKN7ÏOLTHB5DCKNß¬Ü U ; U [EÝPM�ÝVO`ã�KNâdÝP7:?`O U 7EDCBR?ÀKSâ U OLK@ß»ÝZD�9 U O U O`ãkÜ:Ba? I ä�B U ?L?LàHß¬B/OLT U OÝP7E?hO U 7ED�Ba?8KNâÃOLTHB�? U ß¬B�DCKN7E?hOL;>àED�OLBR9	O`ãkÜ.B U ;LB U M�?LK�D�K@ß¬Ü U ; U [HM�B I:U MZ?hK�Ý�7�OLTEB/D U ?hB�KSâ[ U én?Cçk61DCDCKN;W9<ÝP7Eé!OLK/OLTHB�M U OhO>BC; I ÝVâ T Ý�? U 9 U O U O`ãkÜ:B I U U 7E9 V U ;LBÀÝP7:?`O U 7ED�Ba?dKNâ(O`ãkÜ:B
{T} I�U 7:9 it Ý�? U 7ÎÝ�7E?hO U 7:D�B»KSâ�O`ãnÜ.B T I OLTHBR7�B � ÜH;>BR?>?hÝ�KN7E?ÀM�ÝPY@B it ∈ U I U ⊆ V U ;>BD�KNß¬ÜHàHO U [EMPB!D�K@ß¬Ü U ;>Ý�?LKN7:?Cç



� KN; � �"� ' )�� � �� + �  ' + IHU ; U OLTHBR;1?`O>;LÝZD�O1THÝ�BC; U ;WDWTkã/ä1ÝPOLT device KN7$OLTHB�OLK@Ü$ÝZ? U æ U Ý�MVìU [HM�BNç<X#K@?>?LÝP[HM�B!D�K@7E?`O>;Là:D�OLÝ�KN7:?*KSâ � ���('*)"� � �� + �  '(TEÝPBR; U ;>DWTHÝ�BR? U ;>B U ?�â¨K@MPM�Kvä8?>�

 ?�� U named device ÝZ? U Ü U ;LOLÝZD�àHM U ;ÀD�KN7nO U Ý�7HBC;�?LKN;LO1OLT U O�ß U ã	[:B�BRÝVO>THBC; raw #¨àH7<ì

?`O>;Là:D�OLàE;LBa9 % KN;¹?LKN;LOLBR9 U ? U êE7EÝVO>B8?hBCO#KNâ named files ça6ð9HBCækÝ�DCB1Ý�?#TEKNß¬KNé@BC7HBRKNàE?D�K@7ED�BR;L7HÝ�7Hé U DRD�BR?>?LÝP7Hé»ÝPO>?89 U O U 
 8�� U � ) � � �����%� Ý�? U êE7HÝPOLB�?hBCOºKSâ<Ü.K@?>?hÝ�[HM�Bd9<ÝPö.BR;LBR7@O>MPã�?hOL;>àED�O>àH;LBa9�#¨K@;
sorted % � ) � � �

 #� � �  #� + ç��kÜ.BRDCÝVâ¨ãkÝ�7Hé$OLTHB»?`O>;LàED�OLàH;>B�KNâ U êEM�B I '�)�+¦ì�MPÝ�YNB/;LBRéNàHM U ;�B � ÜH;>BR?>?hÝ�KN7E? U ;>BOLK5[.B!àE?LBR9 

 @�� U � ) � � �  #� � �  #� ÝZ? U OLàHÜEMPB/KSâ � ) � � � �$���%� + ç4�ÀBR?>D�;>ÝP[EÝP7Hé U ;LBaD�K@;>9	ÝZ?À?LÝPß¬Ý�M U ;8O>KOLT U O/KNâ U 7�BC7nOLÝPO`ãîO`ãkÜ:B I [Hà<O»ÝP7:?`O>B U 9 KSâ17 U ß¬Ba9îO`ãnÜ.BR?/7 U ß»Ba9�D�K@7@O U Ý�7HBC;/?hK@;hOW?

U ;>B1OLK�[:BÀàE?hBa9¦ç � àE?hOdM�ÝPY@B U 7 entity O`ãkÜ.B IkU record ß U ã U M�?LK�?hÜ.BRDCÝVâ¨ã U �  ��� )  �� � � � �"� + '  )�� �('#ÝP7îO>THB5? U ß»B»â¨K@;Lß U ?ÀOLTHBR;LB I [Hà<O!OLTEB5;LK@MPBa?ÀKNâ�?LB�O!KSâ U OLOL;>ÝP[HàHOLBR?
U ;>B�ÜHM U ã@BR9�[nã U ?hBCO*KNâ � ) � � � �$���%� + THBR;LB 
 R�� U � ) � � �!� ���%� ß U ã�[.B�BCÝPOLTHBR; raw KN;1KNâÃ?LKN;LO8KSâ U 7 U ß¬BR9 � �"� ' )�� � �� + �  'Z?1[Hà<O
field I K@; U ?LKN;LO¹KSâ  #� ���� #� � � � ' � U 7kã�KSâ � ) � � � � �"� ' )�� � �� + �  'Z?¹[HàHO�ÝPO>?LBCMPâ`çnè*THBR;LBÝ�? U 9HÝVö�BC;>BC7EDCB�[.B�O`ä�BCBR7 U � �"� ' )�� � �� !+ �  '.KN; U  #� ���� #� � � � ' �1OLT U O�� U 75Ý�7E?hO U 7ED�BÀKSâU  #� ���� "� � � � ' � U 7 U ß¬BR9 � ���('*)"� � �� + �  'E;>B�â¨BR;>?¹OLK U àE7HÝ�ënàHBRMPã»ÝZ9<BC7nOLÝPêEBa95ÝP7:?`O U 7EDCBKSâ)OLT U O � �"�('*)"� � �� + �  ' 
 O�� ÝVâ
s1, . . . , sl

U ;>BÃ7 U ß¬BR9�DCKN7nO U ÝP7HBR;(?hK@;hOW? I su[s1, . . . , sl]
ÝZ? U D�K@7@O U Ý�7HBC;�?hK@;hO¦7 U ß»Ba9

su
I�U 7E9ïD U M�MPBa9 union ç:6�7ïÝP7:?`O U 7EDCB�KSâd?LKN;LO su

I ÝZ? U 7ïÝ�7E?hO U 7ED�B�KNâ U 7kã$K@7HB�?LKN;LOKSâÃ?hK@;hOW?
s1, . . . , sl



!( � é@ÝPæ@BC7 U êE7HÝPOLB�?LB�O�KSâ�; U ä KN;�?hK@;hO>BR9ð7 U ß¬BR9 9<BRækÝ�DCBR? D I1U ê:7HÝVO>Bî?LB�O�KSâ�;>B�â ìBC;>BC7nOLÝ U M8DCKN7E?hOL; U Ý�7nO>? C I¹U Ü U Ý�; M(D, C)

Ý�? U DCKN7nO U ÝP7HBR;�?hK@;hO57 U ß¬BR9 M I¹U 7E9D U MPM�BR9Îß¬BR9<Ý�àHß�ç �1BCâ¨BC;>BC7nOLÝ U M¹DCKN7E?hOL; U Ý�7nO>?�THBC;>B¬T U æNB/OLTEB�? U ß»B»â¨K@;Lß U ?ÀOLT U O�KSâ?LDWTEBCß U O U ò ? I [Hà<O�OLTHB»;>KNM�B�KSâÃO`ãkÜ.BR? U 7:9�OLTHB»;>KNM�B�KSâ U OhO>;LÝ�[Hà<O>BR? U ;>B�7HKväÂÜEM U ã@BR9[kã�� ) � � �  "� � �  #�+ U 7E9 � ) � � �!�$���%�+ I ;>BR?LÜ:BaD�O>ÝPæ@BCM�ã 
�� � ÝPâ
s
ÝZ? U 7 U ß¬Ba95D�KN7nO U Ý�7HBC;Ã?LKN;LO I rs[∗s] Ý�? U DCKN7nO U ÝP7EBC;¹?LKN;LO#7 U ß¬BR9 rs INU 7:9»D U M�MPBa9 #� ���� #� � � � ' � + ç

��ÝPæ@BC7 U ?LDWTHBRß U S(TS , CS) IEU 7E9 U ß¬BR9<Ý�àHß M(DM, CM) I ?LàHÜHÜ.K@?LB I TS = TP ∪ TCä1ÝVO>T
TP ∩ TC ��� Ý�?�THBCMZ9¦ç)6�OLKNO U Mdß U ÜHÜEÝP7Hé σ : S 7→ 2M

Ý�? U ?LBC;>Ý U MPÝ�F U OLÝ�KN7îKSâ?LDWTHBRß U S KvæNBR;�OLTHB!ß¬BR9HÝPàHß M I ÝVâ)OLTEB�â¨KNM�MPKvä1Ý�7Hé¬;LàEMPBa? U ;LB�? U OLÝZ?hêEBR9¦ç

� è*THB8Ý�7kæNBC;W?LB�ß U ÜEÜHÝP7Eé σ−1 : 2M 7→ S
ÝZ? U Ü U ;LOLÝ U M<ß U ÜHÜHÝ�7Hé�?hà:DWT/O>T U O σ−1(FM )â¨KN;8?LKNß¬B

FM ⊂ 2M
ÝZ?19<B�ê:7HBR9 I ÝVöÏOLTHBR;LB�ÝZ? T ⊆ S

?hàEDWT$OLT U O FM = ∪t∈Tσ(T ) IU 7E9 σ ◦ σ−1
K@7$B U DWT T ⊆ S

ÝZ?�OLTEB!Ý�9<BR7nOLÝPO`ãNç
� +(BCO

Π ⊂ 2TP
9<BC7HKNOLB U Ü U ;hO>ÝVO>ÝPK@7óKvæNBR; TP # Ýtç BNç

∪Π = TP U 7E9ïBCM�BCß¬BR7@OW?�KNâ ΠU ;>B�Ü U Ý�;Lä1ÝZ?LB�9<ÝZ?�
`KNÝ�7@O %�I O>THBC7	â¨K@;1B U DWT T ∈ Π I MPBCO σ(T ) = D
[.B�?hàEDWT	O>T U O I
 I �

D ∈ DM
ÝZ? U  )	� ����� ��� � 
 I6I �

σ
9<BCêE7HBa? U 7E9�ÜE;LBa?hBR;Læ@BR? U Ü U ;hO>Ý�DCàHM U ;�K@;>9HBC;>ÝP7Hé�KvæNBC; Π IvU 7:9 U MZ?LK�KvæNBR;ºB U DWT

T ∈ Π



 I6I�I � â¨KN;8B U DWT	9<Ý�?hOLÝ�7ED�O8Ü U Ý�; U, V ∈ Π σ(U) 6= σ(V )
TEKNMZ9H?Cç

� � U DWT t ∈ TC

ÝZ?�ß U ÜHÜ.BR9ÎKvæNBR;�� ) � � � � ���%� + KSâ M àH7E9<BR;�Ü U ;LOLÝZD�àHM U ; sort ì U 7E9
constraint

;>BR?hOL;>Ý�D�OLÝ�KN7E?�M�Ý�?hOLBa9	[:BRMPKvä'�




 I � 9<Ý�?hOLÝ�7ED�O�BRMPBRß¬BC7nO>?�KSâ
Ta ∩ TC

U ;LB/ß U ÜHÜ.BR9ÏOLK�9<Ý�?hOLÝ�7ED�O�; U ä êEBRM�9H?�� U êEBCMZ9OLT U O U 7	BCM�BCß¬BR7@O8KNâ Ta

Ý�? U MP;>B U 9<ã5ß U ÜHÜ.BR9$OLK5[.BRDCKNß¬BR?*KNâºO>T U O1O`ãkÜ.B�
 I6I � U bag O`ãkÜ.BÀÝZ?*ß U ÜHÜ.BR9�OLK U ê:BCMZ9�KNâ)?LKN;LO�êEM�B I K@; U ?LKN;LO  #� ���� #� � � � ' � U êEM�B�
 I6I�I � U  "������ #� � � � ' � U O`ãnÜ.B»Ý�?Àß U ÜHÜ.BR9óOLK U êEBRM�9ÏKSâ�?LKN;LO  #� ���� #� � � � ' � U 7 U 9<BCìënà U O>B sort ç � K@;
set

O`ãnÜ.BR?
files U ;LB U 9<BRënà U OLB sorts ç � KN; U O`ãkÜ.B {t} ∈ Π IOLTEB

devecie
OLT U O t ÝZ?�ß U ÜHÜ.BR9ÎOLK�ÝZ? U 7 U 9<Baënà U O>B sort ç � K@;

entity
O`ãkÜ:Ba? I

U 9HBRënà U O>B sorts U ;LB records K@; fileds 
 I�H � â¨K@;
entity

O`ãkÜ.BR? I)U OhOL;>Ý�[Hà<OLBa?�KNâ1O`ãnÜ.B$9HÝVö�BC;>BC7nO�â¨;>KNß U 7 entity O`ãkÜ.B U ;LBß U ÜHÜ.BR9 U DRD�K@;>9<Ý�7Hé�OLK�#¨Ý % ì #¨Ý�ÝPÝ % ç@6�OhOL;>Ý�[Hà<OLBa?#KSâ�?hK@ß»B entity O`ãkÜ.B U ;>B�ß U ÜEÜ:Ba9U ?�ÝVâÃÝPOÀä�BC;>B U  #� ���� #� � � � ' � U 7 entity O`ãkÜ:B I K@;1OLK U êEBCMZ9ïKSâÃ?LKN;LO  #� ���� #� � � �' � U record 
 H �
σ
ÜH;>BR?LBC;>æNBa?¹O`ãkÜ.B!ÝP7nOLBRéN;>ÝVO`ã1� U ?>?LàHß¬B I OLTHB!Ý�ß U é@B�KNâºO>THB U OhO>;LÝ�[Hà<O>BR?1KNâºO`ãkÜ.B

t < Kpt
⇐ [x1 : t1, . . . , xm : tm] >

ä1ÝVO>T
Kpt

= {xi1 , . . . , xin
}
[kã

σU ;>B!9<ÝZ?`O>;LÝ�[Hà<O>BR9	KvæNBR;�O>THB records r1, . . . , rs ä1ÝVO>T�ÜH;LÝ�ß U ;>ã�YNBRã�D�K@7E?hOL; U Ý�7@OW?
Kpr1

, . . . ,Kprs

ç.6�?>?hàHß¬B!â¨àE;hO>THBC;>ß¬KN;>B�OLT U O8â¨KN;8B U DWT k ∈ [1, s] I OLTEBC;>B�B � ÝZ?`OU cMk
∈ CM

KSâ�â¨KN;>ß
φrk

⇐ {ψk1
, . . . , ψkp

} I¹U 7:9ôDCKN7E?LÝ�9HBC;¬OLTEB�â¨KN;>BCÝ�éN7YNBRã�D�K@7E?`O>; U ÝP7nOW? I φrk
⇐ {ψrj

: j ∈j 6=k [1, s]}
â¨KN;*B U DWT k ∈ [1, s] I ä1TEBC;>B φrk;>B�â¨BC;W?�OLK

rk
U ?)Ü U ;LBR7nO IvU 7E9 ψrj

â¨K@;)B U DWT j ∈j 6=k [1, s]
;>B�â¨BC;W?�OLK

rj
U ? U DWTHÝ�M�9 I?LàHÜHÜ.K@?LB I Ck

9<BR7HKSO>BR?�OLTEB�?hBCO
{ψrj

|j ∈j 6=k [1, s]}
çEè*THBC7 I KN7	OLTEB!KN7HB!T U 7E9 I

∪s
l=1Kpil

⊆ {σ(t.xi1 ), . . . , σ(t.xin
)} I U 7:9 KN7 OLTHB3KSO>THBC; T U 7E9 I

CK ⊆ {ψk1
, . . . , ψkp

}
?hT U M�M¦THKNMZ9¦ç
 H�I �

σ
ÜH;>BR?LBC;>æNBa? U MZ?hKð?>DWTHBCß U ò ?�Ý�7@O>BCé@;LÝPO`ã1�8YNBRBCÜHÝ�7Héð9<BC7EKSO U OLÝ�KN7E?óKSâ #¨æ %�I�U ?hì?LàHß¬B1ÝP7 U 9H9<ÝPOLÝ�KN7 I O>T U OdÝ�ß U é@BR?#KSâ.O`ãkÜ:Ba? u1, ..., ur

Ý�7/â¨K@;LBRÝPé@7/Y@BCã�DCKN7E?hOL; U Ý�7nO
{t.xi1, ..., t.xin

} ⇐ {u1[%u11
yu11

, ..., %u1n
yu1n

], ..., ur[%ur1
yur1

, ..., %ur1
yurn

]}U ;>B�?LÜH;>B U 9¬Kvæ@BC;¹;>BRDCKN;W9H? I Ru11
, ..., Ru1q1

, . . . , Rur1
, ..., Rurqr

InU 7E95D�K@7E?hÝZ9<BR;
OLTEB�â¨KN;>BCÝ�éN7�Y@BCã�D�KN7:?`O>; U ÝP7nO>? φrk

⇐ {ψk
rumj

: m ∈ [1, r], j ∈ [1, qm]}
â¨K@;

B U DWT k ∈ [1, s] I ä1THBC;>B φrk

I 
`à:?`O»MPÝ�YNB$ÝP7 # æ %�I ;LBCâ¨BC;W?!OLK rk U ?�Ü U ;LBR7@O I�U 7E9
ψk

rumj

;>B�â¨BR;>?�OLK
Rumj

U ?�DWTHÝ�M�9¦ç(è*TEBC7óâ¨K@;�OLTHB/â¨KN;>BCÝ�éN7ÎYNBCãïDCKN7E?hOL; U Ý�7nO cMkâ¨KN;�B U DWT k ∈ [1, s] I {ψk
rumj

: m ∈ [1, r], j ∈ [1, qm]} ⊆ {ψk1
, . . . , ψkp

}
?hT U MPM

THK@M�9¦ç
��ÝPæ@BC7 U schema S(TS , CS) U 7E9 U medium M(DM, CM) I S Ý�?¬? U ÝZ9 +��� ��) � ��� )�$ �%�KvæNBC;

M I ÝVâ�OLTHBR;LB5ÝZ?�?LKNß¬B5?LBC;>Ý U MPÝ�F U OLÝ�KN7 σ KNâ*?>DWTHBRß U S KvæNBR;�ß»Ba9<Ý�àHß
M
çºñ�â1?LK I(U

	vì}OLàHÜHM�B
ε(S,M, σ)

ÝZ?1D U M�M�BR9 U 7 )�$ + '  )���' )�� � ��+ + � � � �  �"��� � �('¦â¨K@; S U 7E9 M ç

B KLM�?!I6GN:����#GS:><D?!GS@�O :�� BC?�<�? E���@�N?!G � O �
ñr7�OLTHB�â¨KNM�MPKvä1Ý�7Hé I â¨;LK@ß U à<OLK@7HKNß/ã.ò ?1Ü.KNÝ�7nOÀKSâÃækÝ�BCä I OLTHB/[ U ?LB U [E?hOL; U D�OÀ9<K@ß U ÝP7:?

U ;>B»?>DWTHBCß UEI ß»Ba9<Ý�àHß IºU 7E9 U DRD�Ba?L?�BR7nækÝ�;LK@7Hß¬BC7nORç¦6�ÜHÜHM�Ý�D U OLÝ�KN7:?Cò(9 U O U BC7kækÝ�;LK@7Hß¬BC7nO
U ;>B�ß¬K<9<BRMPBa9 U ?*ÝP7E?hO U 7ED�Ba?*KSâÃ9<KNß U ÝP7E? U [:Kvæ@BNç
687¬ÝP7:?`O U 7nOLÝ U O>ÝPK@7/KNâ U ?>DWTHBCß U S ÝZ? U ?Lä U ;Lß # Ýtç BNç U [ U é�KN;¹?LB�O % KSâ:Ý�7E?hO U 7ED�Ba?#KSâ.O`ãnÜ.BR?KSâ
S
ç(6�?LDWTEBCß U ÝP7E?hO U 7nOLÝ U OLÝ�KN7îÝZ? U M�MPKvä�BR9óOLKïÜH;>K<9<àED�B¬BRÝVO>THBC;�;>BCÜEMPÝZD U ?ÀKNâ�O>THB�? U ß¬BÝP7E?hO U 7ED�B!KNâ�O>THB�? U ß¬B�O`ãkÜ:B!K@;87HK5Ý�7E?hO U 7:D�B U O U MPMºKSâ#Ü U ;LOLÝZD�àHM U ;*O`ãkÜ.BR?RçHíîBNò 9�MPÝ�YNB�O>KKNà<O>MPÝ�7HB I ä�B�9<KN7ºò O�DCKN7EDCBC;>7�THBR;LB�ä1ÝPOLT�ä1THB�O>THBC;1K@;*7HKSO U ?>DWTHBCß U ÝP7E?hO U 7ED�B�ÝZ?1D�K@7E?hÝZ?hìOLBC7nO I Ýtç BNçk7HK»ÜH;>ÝPß U ;>ã¬KN;�â¨KN;>BCÝ�éN7�Y@BCã�DCKN7E?hOL; U Ý�7nO�ÝZ?�ækÝ�KNM U O>BR9¦çkñ�O*Ý�?�OLTEB�;>BR?LÜ.KN7E?LÝP[EÝPM�ÝVO`ãOLTHB U ÜHÜHM�Ý�D U OLÝ�KN7$OLT U O�D�;>B U OLBa?�Ý�7E?hO U 7ED�Ba? U 7E9$KNÜ.BC; U O>BR?*KN7$OLTEBCß�ç



687�Ý�7E?hO U 7nO>Ý U OLÝ�KN75KSâ U ß¬Ba9<ÝPàEß M
ÝZ?ÃO>K/D U ;>;Lã I Ýtç BNç I OLBCß¬Ü.KN; U ;>ÝPM�ã/?hOLK@;LB I ÜH;>BR?LBC;>æNB I

U 7E9ô9<Ý�?LÜHM U ã�9 U O U çÃ6 ß¬Ba9<ÝPàEß ÝP7:?`O U 7EDCB$ÝZ? U êE7EÝVO>B	?LB�O¬KSâ�àE7HÝ�ënàHBRMPãáÝ�9<BR7nOLÝPêEBR9áÝP7<ì?`O U 7EDCBR?1KNâ � ) � � � ����� ��� ��+ I B U DWTïKSâÃä1THÝZDWTïß U ã$BCÝPOLTHBR;�[.B�; U ä I KN;�?LKN;LOLBa9¦çE6 ?hK@;hO>BR9
7 U ß¬BR9î9<BRænÝZD�B¬ÝZ? U êE7HÝPOLB�?LB�O!KSâ�ÝP7E?hO U 7ED�Ba?�KSâ*7 U ß¬BR9ÏêEM�BR? I B U DWTÏKSâ�OLTHBRß àH7EÝ�ënàHBRMPã
Ý�9<BR7nOLÝPêEBR9ÏKN7ïO>THB»9HBCækÝ�DCBNç��87EMPÝ�YNB»?LDWTHBRß U Ý�7E?`O U 7nOLÝ U O>ÝPK@7E? I.U ß»Ba9<Ý�àHß ÝP7:?`O U 7EDCB�KN7EMPãâ¨KN;�DCKN7nO U ÝP7HBR;8?hK@;hOW?1;>BRD�K@;>9 U 7:9	êEBCMZ9 I ÝZ? U MPM�Kvä�Ba9�O>K�T U æ@B�;>BCÜEMPÝZD U ?1KSâÃÝ�7E?`O U 7EDCBR? # Ýtç BNç
OLT U O�D U ;L;>ÝPBa?�;LBRÜHM�Ý�D U ?¦KNânO`ãkÜ.BÃÝP7:?`O U 7EDCBR? % çCñr7:?`O U 7EDCBR?¦KNâk;>BRDCKN;W9H? U ;>B#OLàEÜHMPBa?(KNâkÝ�7E?hO U 7ED�Ba?KSâ)êEBCMZ9H?Rç

�1BRD U M�M I OLT U O�ä�B8ä U 7nO U ÜHÜEMPÝZD U OLÝ�KN7�9 U O U O>K�D U ;L;>ã U MPM.7HBaD�BR?>? U ;>ã�7HK@7<ì U ÜHÜHM�Ý�D U O>ÝPK@7<ì?hÜ.BRDCÝVê:D$Ý�7<â¨KN;>ß U OLÝ�KN7 I ?LKóO>T U O¬â¨;>KNß 7HKvä�KN7 I ä�B U ?>?hàHß¬B�OLT U O»Ý�7E?hO U 7:D�BR?/KSâ�O`ãnÜ.BR?
U 7E9 U M�?LK�KNâdD�K@7@O U Ý�7HBC;�?hK@;hOW?�D U ;>;LÝ�BR? U M�M�7HBaD�Ba?L? U ;>ã$Ý�7<â¨K@;Lß U O>ÝPK@7ïKN7ïO>THBCÝ�;�O`ãkÜ:Ba? U 7E9?hK@;hOW?Cç<ñr7 U 9E9<ÝVO>ÝPK@7 I ä1THBR7�ä�B!D�K@7E?LÝ�9<BR;1ÝP7:?`O U 7EDCBR?*KSâÃ?>DWTHBCß U O U¬U 7E9$ß¬BR9<Ý UHI O>THBCã U ;>B
U ?>?hàHß¬Ba9�O>K�D U ;>;>ã�?LDWTHBRß U O U ò ? U 7E9	ß»Ba9<Ý U ò ?*ÝP7nOLBRéN;>ÝVO`ã$D�KN7:?`O>; U ÝP7nO>?Rç���ÝPæ@BC7 U ?LDWTEBCß U
S INU ß¬BR9<Ý�àHß M ISU 7E9 U 7 U [:?`O>; U D�O U DRD�BR?>?#BC7kækÝ�;LK@7Hß¬BC7nO ε(S,M, σ)

â¨K@;
S U 7E9 M ISU 7ÝP7E?hO U 7ED�B/KvæNBR; S KvæNBR; U 7ÏÝP7E?hO U 7ED�B�KvæNBC; M D U 7ÏB U ?LÝ�MPã	[:B¬?hBR;LÝ U M�Ý�FCBR9	Ý�7E9<àEDCBR9Ï[nã σ �àH7HM�BR?>?�ÜH;>Ý�ß U ;Lã	YNBRã	DCKN7E?hOL; U Ý�7nO>? U ;>B�ækÝPK@M U OLBR9 I B U DWT U O>KNß¬ÝZD�ÜHÝ�BRDCB�KSâd9 U O U # 9 U O U KSâ

U OLK@ß¬Ý�D�O`ãkÜ:Ba? % KSâºOLTHB�Ý�7E?`O U 7EDCBÀKvæ@BC; S T U ?�OLK»[:B�ß U ÜEÜ:Ba9�O>K U 7HBCä ÝP7:?`O U 7EDCBÀKNâºOLTEBD�KN7nO U Ý�7HBC;8?LKN;LO #¨Ý}ç B@ç U D�KN7nO U Ý�7HBC;1KNâ�O>T U O�?LKN;LO % OLTEB�O`ãnÜ.B!KSâ)OLTEB U OLK@ß¬Ý�D!9 U O U [kã σ Ý�?ß U ÜHÜ.BR9/OLK:çNè*THB1ß U ÜHÜEÝP7Hé!Ý�7E9<à:D�BR9»[kã σ ÝZ?¹9<BC7EKSOLBa9�[kã σ� INU 7:9 U ß¬BR9HÝPàHß ÝP7:?`O U 7EDCBOLT U OÀD U ;L;>ÝPBa?8?LBC;>Ý U MPÝ�FCBa9	9 U O U KNâ U ?LDWTEBCß U Ý�7E?`O U 7EDCB�ÝZ?�D U MPM�BR9$O>THB�O>KSO U M�?LBC;>Ý U MPÝ�F U OLÝ�KN7KSâdO>T U O�?>DWTHBCß U ÝP7:?`O U 7EDCBNç �kÝ�ß¬ÝPM U ;>MPã�O>K	OLTHB U [.KvæNB I O>THB5Ý�7næ@BC;W?hB/ß U ÜHÜHÝ�7Hé σ−1 U M�?LKÝP7E9HàED�B U Ü U ;LOLÝ U M(ß U ÜEÜHÝP7Eé��	9<BC7EKSOLBa9	[nã σ−1
�

��ä1THÝ�DWTïß U ÜE?1Ü U ;hO>Ý�DCàHM U ;�?LàH[E?LB�O>?8KSâ?hBR;LÝ U M�ÝPFRBR9�9 U O U KNâ U 7�ÝP7:?`O U 7EDCB�KvæNBR; U ß¬BR9<Ý�àHß OLKÏ?LàH[E?LB�OW?�KNâ U 7�ÝP7:?`O U 7EDCB�KvæNBR; U?LDWTHBRß U ç � KN;dé@ÝPæ@BC7¬Ý�7E?`O U 7EDCBR? IS U 7E9 IM KvæNBR;
S U 7E9 M InU 	vì}OLàHÜEMPB

∆(IS , IM , σ�)
Ý�?

D�KN7:?hÝZ9<BC;>BR9 U ? U 7óÝP7:?`O U 7nOLÝ U O>ÝPK@7ïKSâ ε(S,M, σ) I�U 7:9óD U MPM�BR9 U [E?`O>; U D�O U DCDCBR?>?8ß¬B�O>THK<9[:BCO`ä�BRBC7�ÝP7:?`O U 7EDCBR? IS U 7E9 IM çN�<ÝP7EDCB�Ý�7E?`O U 7EDCBR? IS U 7E9 IM D U ;L;>Ý�BR? U M�M¹7HBaD�BR?>? U ;>ãÝP7<â¨K@;Lß U OLÝ�KN7¬KN7 S U 7E9 M I ß U ÜHÜEÝP7Hén? σ� U 7:9 σ−1
�
U ;LB1é@ÝPæ@BC7»â¨KN;¹OLTHB U [E?hOL; U D�O U DCDCBR?>?ß»BCOLTHK<9

∆(IS , IM , σ�)
[.B�O`ä�BCBR7

IS
U 7E9 IM ç6�?>?hàHß¬B5?>DWTHBCß U S ÝZ?�?LBC;>Ý U MPÝ�F U [HM�B/Kvæ@BC;�ß»Ba9<Ý�àHß M IºU 7E9ÎMPB�O ε(S,M, σ)

[.B U 7
U [E?hOL; U D�O U DRD�BR?>?�BR7kænÝ�;>KN7Hß¬BC7nO�â¨K@; S U 7E9 M ç +(BCO

IS
9<BR7HKSO>B�O>THB$# ÝP7HêE7HÝPOLB % ?LB�O»KSâ

U M�M1Ü:Kn?L?LÝP[EMPB�Ý�7E?`O U 7EDCBR?¬Kvæ@BC; S I¹U 7E9 IMIS

9HBC7HKNOLB	OLTHBï?LB�O�KNâ�OLKNO U M8?hBR;LÝ U M�ÝPF U O>ÝPK@7E?KSâ U MPM*BCM�BCß¬BR7@OW?»KSâ IS Ý}ç BNç#OLTEB	?LB�O
{σ�(IS) : IS ∈ IS}

çÃ6
KS ∈ IS

ÝZ?5D U MPM�BR9 U
� � � ��� �  #��+ + �����ÏKvæ@BC;

S I ÝVâ1ÝPO/ÝZ? U ?hBCORç�6�7 BCM�BCß¬BR7@O/KSâ U Y@BCãÏB � ÜH;LBa?L?LÝ�KN7�KvæNBR; S Ý�?
D U M�M�BR9 � � � ' �� ��Kvæ@BC;

S
ç�6åY@BCãÎOLBR;Lß ÝZ?�D�K@7E?LÝ�9<BR;LBa9 U ? U 7�Ý�7E?`O U 7EDCB�Ü U OhO>BC;>7 I�U 7E99<B�O>BC;>ß»Ý�7HBa? U #¨Ü.K@?>?LÝP[HM�BîBCß¬Ü<O`ã % ?LàH[E?LB�O�KN;ï?LàH[<ì�[ U éôKSâ U 7kãÞÜ U ;LOLÝZD�àHM U ; IS ∈ IS[ U ?LBR9ðK@7Ñ?LKNß¬BóO`ãkÜ.B�ìr9<BCÜ.BC7E9HBC7nO	Ü U OhO>BC;>7Ñß U OWDWTHÝ�7Hé # BNç éEç�ÝP7ÑOLTHB�D U ?hBÎKSâ U OLKNß¬ÝZDO`ãnÜ.BR? U O`ãnÜ.B�ìr9<BRÜ:BR7E9<BC7nO�Ü U OhO>BC;>7�ß U O>DWTHÝ�7HéïÝZ?�DWTHBaDWYnÝ�7Hé�BRënà U MPÝPO`ãóKNâ*æ U MPàHBa?�KSâ*OLTEB? U ß»BÏO`ãkÜ:B %�I [kãôO>T U O�7kàHM�M�æ U MPàHBa? U ;LBÏ7HKSOïD�K@7E?hÝZ9<BR;LBa9¦ç �kÝ�7EDCBî?LBC;>Ý U MPÝ�F U OLÝ�KN7E?�ß U ÜÝP7nOLBRéN;>ÝVO`ã DCKN7E?hOL; U Ý�7nO>?»KSâ!?>DWTHBCß U O U K@7nOLKîÝP7nOLBRéN;>ÝVO`ãôD�KN7:?`O>; U ÝP7nO>?»KNâÀß¬BR9<Ý UHI O>THBïÝ�ß/ì

U éNBÏKSâ U YNBRãôB � ÜH;LBa?L?LÝ�KN7 KvæNBR; S [kã
σ�

ÝZ? U YNBCãôB � ÜH;>BR?>?hÝ�KN7 Kvæ@BC; IMIS

ç ��Ý�æNBR7
Ü U ;LOLÝZD�àHM U ;�ÝP7E?hO U 7ED�Ba? IS ∈ IS I IM ∈ IMIS

U 7E9 U Y@BCãôB � ÜH;>BR?>?hÝ�KN7E? KS ∈ IS I
KM ∈ IMIS

I MPBCO IS(KS) ⊆ IS
U 7E9 IM (KM ) ⊆ IM

9<BC7EKSOLB�O>THBó?LàH[E?LB�O>?5OLT U Oß U O>DWT KS
U 7E9 KM

I ;LBa?hÜ.BRD�OLÝ�æNBCM�ã I ä1THÝZDWT�O>THBCß5?LBCM�æNBa? U ;LB U MZ?hK/Ü U ;LOLÝZD�àEM U ;�Ý�7E?hO U 7ED�Ba?KvæNBC;
S U 7E9 M U O�O>THB!? U ß¬BÀO>ÝPß¬B@ç�+(BCO

KS ∈ IS
[:B U YNBRã5B � ÜH;>BR?>?hÝ�KN7 @O>THB U [E?hOL; U D�O

U DCDCBR?>?�ß»BCOLTHK<9 ∆(IS , IM , σ�)
[.B�O`ä�BCBC7

IS
U 7E9 IM O>KNé@B�OLTEBC;�ä1ÝVO>T�YNBCãÏB � ÜH;>BR?>?hÝ�KN7



KS

9<B�O>BC;>ß»Ý�7HBa?�Ü U ;LOLÝZD�àHM U ;�Ý�7E?`O U 7EDCBR? IS − IS(K) ∪ σ−1
� (IM (σ�(KS))) ∈ IS I(U 7E9

IM − IM (σ�(KS)) ∪ σ�(IS(KS)) ∈ IMIS

I D U MPM�BR9 U Ü U ;hO>Ý U MÀÝ�7HÜHà<Oï9 U O UáU DCDCBR?>?â¨;LK@ß
IM

ÝP7nO>K
IS
IEU 7E9�Ü U ;LOLÝ U M¦KNàHOLÜHà<O�9 U O U5U DCDCBR?>?�â¨;LK@ß IS

KN7nOLK
IM
I ;LBa?hÜ.BRD�OLÝ�æNBRMPã@çñr7�O>THB U [.KvæNB�â¨KN;>ß�àHM U ? I KN7HM�ã KS

ÝZ?*KNà<O1KNâ)?>D�KNÜ.B�KSâ
∆(IS , IM , σ�)

I ?LK/K@7HB�ß U ã U ?hì?hK<D�Ý U O>B U O>àHÜHM�B (KS , ∆(IS , IM , σ�))
ä1ÝVO>T5OLTHBÀ?hBCO

IS − IS(K)∪σ−1
� (IM (σ�(KS))) IU 7E9 U OLàHÜEMPB (∆(IS , IM , σ�),KS)

ä1ÝPOLT	OLTEB�?hBCO
IM − IM (σ�(KS)) ∪ σ�(IS(KS))

ç

7VUN<�KLGNKLM W �
��ÝPæ@BC7 U ?LDWTEBCß U S(TS , CS) I.U ß¬BR9HÝPàHß M(DM, CM) I:U ?>?LàHß¬B S Ý�?À?hBR;LÝ U M�ÝPF U [HM�BKvæNBC;
M U 7E9 ε(S,M, σ)

ÝZ? U 7 ) $ + '  )���' )�� � ��+"+ � � � �  �"��� � �('*â¨K@; S U 7E9 M ç��<àHÜ<ì
Ü:Kn?hB I IS I 9<BC7EKSOLBÏOLTHB�?LB�O$KNâ U M�MÀÜ.K@?>?LÝP[HM�BÏÝ�7E?hO U 7ED�Ba?�Kvæ@BC;$?>DWTHBRß U S I�U 7E9 IMIS[:BÎOLTHB�?LB�O$KNâ!OLTHBÎOLKNO U M�?LBC;>Ý U MPÝ�F U OLÝ�KN7E?�KSâ U MPM�BCM�BCß¬BC7nOW?$KNâ IS ç +ºB�O

Iε(S,M,σ)

9<B�ì
7HKSO>B U M�M U [:?`O>; U D�O U DRD�BR?>?5ß¬B�O>THK<9 ÝP7:?`O U 7EDCBR?5Kvæ@BC; ε(S,M, σ)

ç +(BCO
I
{}
S ⊂ IS

9<B�ì
7HKSO>BÏO>THBî?LB�O�KSâ/Ü:Kn?L?LÝP[EMPBÎYNBCãðB � ÜH;LBa?L?LÝ�KN7ðKvæNBR; S ç +ºB�O

ac
I dc

I δ(ac,dc,σ�)

9<BR7HKSO>B
æ U ;LÝ U [EMPBa?�KNâ8O`ãkÜ:Ba? ∗S I ∗M U 7:9 ∗ε(S,M, σ)

D U MPM�BR9 ) � � � ��� ) ' ���"� � )���� � I � ) '*) � )  ��
 � �� U 7E9 )�� � ��+"+ � �(' �� � )�� � I ;LBa?hÜ.BRD�OLÝ�æNBRMPã@ç � K@;�Ü U ;hO>Ý�DCàHM U ;�Ý�7E?hO U 7:D�BR? IS ∈ IS U 7E9
IM ∈ IMIS

MPBCO�à:? U ?>?hàHß¬B I O>T U O ∗ac = IS
U 7:9 ∗dc = IM

THK@M�9 I¦U 7E9ÎMPBCO!àE?Àâ¨àH;hì
OLTHBR;Lß¬KN;>B!9<B�ê:7HB

AD
U ? AD = (Iε(S,M,σ) ∪ {∅}) × I

{}
S ∪ I

{}
S × (Iε(S,M,σ) ∪ {∅})

ç
687 U à<OLK@7HKNß¬K@àE? U ÜEÜHMPÝZD U OLÝ�KN7ÑD U 7ð7HKvä [.Bóâ¨K@;Lß U MPÝ�FCBa9 U ? A(ac, dc, δ(ac,dc,σ�), α) Iä1THBC;>B

α : AD 7→ IS ∪ IMIS
∪Iε(S,M,σ)

U ß U ÜHÜHÝ�7Hé I D U MPM�BR9 U ÜHÜEMPÝZD U OLÝ�KN7	MPK@éNÝZD I ?LàEDWTOLT U O

 I � â¨K@;!B U DWT a ∈ AD

KSâ U 7kãóKNâdO>THB¬â¨KN;>ß5? (IS , ∅)
KN;

(∅, IS) I α(a)
Ý�? U ß U ÜHÜEÝP7HéKvæNBR;

IS I D U MPM�BR9�DCKNß¬ÜHà<O U O>ÝPK@7�OLT U O*B�ö�BRD�OW? U MZ?hK�K@7$DCKN7nOLBR7@OW?dKNâºæ U ;>Ý U [HM�BR? ac
U 7E9?hK59<K¬K@7	æ U ;LÝ U [HM�B δ(ac,dc,σ�)

ç

 I�I � â¨KN;1B U DWT i ∈ AD

KNâ�â¨K@;Lß
(KS , ∆(IS , IM , σ�))

I α(i)
ÝZ? U 7�Ü U ;hO>Ý U M¦ÝP7EÜHà<O1â¨;>KNß

IM
ÝP7nOLK

IS
OLT U OºÜ.BC;Lâ¨KN;>ß5?.OLTHB U ?L?LÝ�éN7Hß¬BC7nO ac = IS−IS(KS)∪σ−1

� (IM (σ�(KS))) ID U àE?hÝ�7Hé5DWT U 7HéNB U MZ?hK¬Ý�7�O>THB�D�K@7nOLBC7nO1KSâ#æ U ;>Ý U [HM�B δ(ac,dc,σ�)

ç

 I�I6I � M U ?`O I â¨KN;1B U DWT o KNâ�â¨K@;Lß (∆(IS ,IM ,σ�),KS) I α(o)

Ý�? U Ü U ;LOLÝ U M¦K@à<OLÜHàHO1â¨;LK@ß ISKN7nOLK
IM
I OLT U O¹Ü.BC;Lâ¨KN;>ß¬?�O>THB U ?>?hÝ�éN7Hß¬BR7@O dc = IM −IM (σ�(KS))∪σ�(IS(KS)) Iä1THÝZDWT�DWT U 7Hé@BR?�OLTHB�DCKN7nOLBR7nO*KNâ�æ U ;>Ý U [HM�B δ(ac,dc,σ�)

ç
��?LÝP7Hé!æ U ;LÝ U [HM�BR? U ÜHÜHM�Ý�D U OLÝ�KN7¬D U DWTHB I 9 U O U D U ;>;LÝ�BC; IvU 7E9 U DRD�Ba?L?)Ý�7@O>BC;Lâ U DCB�ÝZ?Ã7HKNOd?hÝ�ß¬ÜHM�Bâ¨KN;>ß U MPÝZ?Lß I ä1THÝZDWT/TEBCM�ÜE?)àE?�OLK�BR?hO U [EMPÝZ?hT U â¨K@;Lß U MPÝ�F U OLÝ�KN7�KNâ U à<O>KN7HK@ß¬KNàE? U ÜHÜEMPÝZD U OLÝ�KN7ÜH;LBa?hBR7nOLBR9 U [:Kvæ@BNç�68ÜHÜHM�ÝZD U O>ÝPK@7ÑD U DWTHBóÝZ? U ß U Ý�7 ß¬BCß¬KN;>ã U ;LB U Ý�7 ÜH;>KkDCBR?>?�?LÜ U DCBä1THÝ�DWT5ß U ã U D�O>à U M�MPã/[:B U DCDCBR?>?hBa9/OLTH;>KNàHé@T U Ü:K@ÝP7nOLBR;Rç � KN;�9 U O U D U ;>;>ÝPBR;�O>THB�?LÝVO>à U O>ÝPK@7Ý�?¹OLTHB�? U ß¬B ��àE?LÝ�7Hé U 7kã�ÜE;LK@éN; U ß¬ß¬ÝP7Hé�M U 7Hé@à U é@BR?#ã@KNà»T U æNB1ß¬B U 7E?#O>K�KNÜ.BC7»êEM�BR? I O>KD�KN7E7HBRD�O�O>K U 9 U O U [ U ?hB I ä1TEÝ�DWT	Ý�?8;LB U M�MPã U Ü.KNÝ�7@O>BC;*O>K�?hK@ß»B�Ü U ;hO>Ý�DCàHM U ;>MPã5?hOL;>àED�O>àH;LBa99 U O U ÝP7E?hO U 7ED�B	â¨K@; U 7 U ÜHÜEMPÝZD U OLÝ�KN7(ç ��K@7E?LÝ�9<BR;LÝ�7Hé U DRD�BR?>?¬Ý�7@O>BC;Lâ U DCB$O>T U O�ÝZ?¬O>K�THKNMZ9
U 7�Ý�7E?`O U 7EDCB5KSâ U 7 U [E?`O>; U D�O U DCD�Ba?L?�BC7kækÝP;>KN7Hß¬BR7@O!ß U ã�?hBRBCß U [HÝVO/ß»K@;LB U ;hO>ÝVê.D�Ý U M I

`àE?`O�MPÝ�YNB�9 U O U # ÝP7:?`O U 7EDCBR?¹KNâ:O`ãkÜ.BR? % OLT U O�D U ;>;Lã U M�MH7HBRDCBR?>? U ;Lã�Yn7EKvä1MPBa9<éNB U [.KNàHO¹OLTHBRÝP;O`ãnÜ.BR? U 7E9óÝ�7nOLBCé@;LÝPO`ãïD�K@7E?`O>; U ÝP7nOW?Cç��¹B�O!KN7HB»?hTEKNàHMZ9ó;>B U MPÝ�FCB I O>T U O!?hà:DWTÏÝ�7E?`O U 7EDCBR? U ;>Bß U ÜHÜHÝ�7Hé@?#[.B�O`ä�BCBR7»êE7HÝPOLB8?LB�O>?¹ÝP7E9HàED�Ba9/[kã U ß U ÜHÜHÝ�7Hé�[:BCO`ä�BRBC7 U êE7HÝPOLB�?LB�OÃKSâ.O`ãkÜ:Ba? I
U 7E9 U ê:7HÝVO>B�?hBCO1KSâ�DCKN7nO U ÝP7HBR;1?hK@;hOW? I ä1THÝZDWT	D U 7$[:B�Ý�ß»ÜEMPBRß»BR7nOLBR9 U ?�9 U O U çHè*THB!9 U O Uß»K<9<BRM(ä�B�7EBCBR9	ÝZ?*ÝP7nO>;LK<9<àEDCBR9$ÝP7	O>THB!7HB � O�?LàH[E?LBRD�OLÝ�KN7 U 7E9	D U MPM�BR9
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è*THB59 U O U ß¬K<9<BCMÃÝ�7nOL;>K<9<àED�Ba9ÏTEBC;>B I Ý�? U éNBR7HBC; U M�Ý�F U O>ÝPK@7óKSâ ��K<DCàHß¬BC7nO�� U O U )ïK<9<BCM
#��"�*) % OLT U O�T U ?�[.BCBR7�ÝP7nOL;>K<9<àEDCBR9Îâ¨KN;!K@7HB¬KSâ*KNàH;!ÜH;>KNÜ.K@? U MZ?Àâ¨KN; U DCKNß¬ß¬KN7�9 U O Uß»K<9<BRM¦â¨KN; U ÜHÜHM�Ý�D U O>ÝPK@7E?*KN7 � ÝPé@àH;>B �@ç!�	��) ÝZ? U 9 U O U ;LBRÜH;LBa?hBR7nO U O>ÝPK@7�Ý�7�ä1THÝ�DWT	KN7EBD U 7�7 U OLàH; U M�M�ã�D�K<9<B!Ý�7<â¨KN;>ß U O>ÝPK@7 U 7E9�?`O>;LàED�OLàH;>Ý�7Hé5Yk7HKvä1MPBa9<éNB�# U MZ?hK¬KNàHO8KSâÃ?LDCKNÜ.B!KSâ
U 7kã U ÜEÜHMPÝZD U OLÝ�KN7ÞMPK@éNÝZD %�I¹U 7E9Þ?hK�ÝPO�ÝZ?¬KN7HB�Ü.K@?>?hÝ�[HM�Bïß»K<9<BRM*â U æNK@àH;LÝ�7HéîKNàH;57EBCBR9ÞÝ�7
U DWTHÝ�BCækÝ�7Hé U à<OLK@7HKNß¬KNà:? U ÜHÜHM�Ý�D U OLÝ�KN7:?Cç ��K<DCàHß¬BC7nO � U O U )ïK<9<BCM¦ÝZ? U ?LBCß¬ÝPì�?hOL;>àED�O>àH;>BR99 U O U ß¬K<9<BCM I ä1TEBC;>B�Ý�7<â¨KN;>ß U OLÝ�KN7 U [.KNà<O�?`O>;LàED�OLàH;>Ý�7Hé U 7:9�O`ãkÜHÝP7Eé$9 U O U ÝZ?�?hBRÜ U ; U O>BR9â¨;LK@ß�OLTHB!;>B U M(D�K@7@O>BC7nO1KSâ#9 U O U ç

� U O U Ý�7 �"��) U ;>B�;LBRÜH;LBa?hBR7nOLBR9$Ý�7�â¨KN;>ß¬?*KNâÃKN;W9<BC;>BR9$Ü U Ý�;W?�#�� I � % çL� U 7E9 � U ;>BD U M�M�BR9¬; U äô9 U O U�U 7E9¬?LDWTHBRß UHI ;>BR?LÜ:BaD�O>ÝPæ@BCM�ãNçNA�KSO>T5KSâ�OLTEK@?LB U ;>B8?hÝ�ß¬ÜHMPB�[nãnO>B�?`O>;LB U ß5? I[Hà<O � I ÝVâEé@ÝPæ@BC7 I Ý�? U MPä U ã<? U 7 '*)�+$9<K<D�àHß¬BC7nO#KN;)9<K<D�àHß¬BC7nO)â¨; U éNß¬BC7nO � ���}çqè*THB U [:Kvæ@BKN;>é U 7EÝPF U OLÝ�KN7/KSâ(?LBCß¬ÝVìr?hOL;>àED�O>àH;LBa9/9 U O U T U ?#O`ä�K U 9<æ U 7@O U é@BR?��RO>THB�? U ß¬B1; U äô9 U O U D U 7[:B�?hOL;>àED�OLàH;>BR9îÝ�7 ?hBRæNBC; U MÃä U ã I ?hK�O>T U O�O>THBC;>B�ß¬Ý�éNTnO�[:B U 7kàHß�[.BC;�KNâ1Ü U Ý�;>?�ä1THBC;>BKN7HM�ã�O>THB�?LDWTEBCß U D�K@ß»Ü.KN7EBC7nO>? U ;LB�9<ÝPö�BC;>BC7nO I B U DWT	KSâ#OLTEBCß ÜE;LKvækÝZ9<ÝP7Eé/â¨K@; U 9HBRënà U O>B?`O>;LàED�OLàH;>Ý�7Hé U 7E9�K<DRD U ?LÝ�KN7 U MPM�ã U 9H9HÝVO>ÝPK@7 U M)?hBRß U 7nOLÝZDC?*O>THB U M�MPìtO>ÝPß¬B!ÜH;>K<D�BR?>?LÝP7Hé5ÜET U ?LB7HBCBa9H? I ?LK	OLT U O!OLTHBRãÏD U 7�[:B5?LBCÜ U ; U OLBCM�ãó?hOLKN;>BR9Îä1ÝPOLT�?`O>KN;>ÝP7Eé$K@7HMPãÏKN7HB¬Ý�7E?`O U 7EDCB¬KSâOLTHB/; U äÂ9 U O U EOLTHB»KSO>THBC;ÀÝ�?�OLT U O�O>THB/9 U O U ;LBRÜH;LBa?hBR7nO U O>ÝPK@7 U [.KvæNB�BR7 U [HM�BR?8OLK	9<B�êE7EB?`O>;LàED�OLàH;>BR9	9 U O U O`ãkÜ:Ba? U 7E9$ÜH;>ÝPß¬ÝPOLÝ�æNB U [:?`O>; U D�O1KNÜ.BC; U O>ÝPK@7E?�KN7�9 U O U ç
� KN;#Ý�7E?hO U 7:D�B I 9 U O U O`ãkÜ:Ba? U 7E9�O`ãnÜ.B�OLBRß»ÜEM U OLBR?)Ý�7��"��) U ;LB�;LBRÜH;>BR?LBC7nOLBa9�[kã!Ü U Ý�;W?MPÝ�YNB*è�#
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